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PRÉAMBULE 
 
« Faire de l'Enseignement Supérieur, de la Recherche et de l'Innovation (ESRI) le socle de l'économie de la 
connaissance en Pays de la Loire » : cette volonté s'est traduite par l'adoption par le Conseil Régional des 16 
et 17 décembre 2020, de la nouvelle stratégie ESRI 2021/2027. Après une large concertation avec 
l'ensemble des acteurs concernés, la Région a posé des lignes directrices fortes pour accroître l'agilité du 
territoire (individuelle et collective), créer de la valeur économique et réussir les transitions sociétales de 
son territoire. 
La stratégie régionale qui sera déployée sur la période 2021/2027 repose sur trois grandes ambitions qui se 
déclinent ensuite en objectifs et mesures opérationnelles : 



• Recent developments in the microscopic description of kinetic and 
transport properties of the quark gluon plasma

• Medium-induced radiation

• Transverse momentum broadening

• The effective kinetic theory, transport&thermalisation

• Main driver: better understanding&control of theory and its 
uncertainties

• Many interesting developments and results, limited sample presented 
here. I refer to the original contributions
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Fig. 2. Schematic Feynman diagram contributing to the leading order collinear bremsstrahlung
rate. Hard gluon lines are labeled by their three momentum (pz ,p?). The interactions with the
random classical background bath are illustrated by the gluon lines with crosses. Only hard lines
which enter or exit the boxed region are included in an e↵ective Boltzmann description.
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equation as a local rate, it must be understood that the emission process can only
be localized to within a time scale set by the formation time of the radiation. The
inverse formation time will be defined as the energy di↵erence between the initial
and final states

(⌧form)
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Using the dispersion relation for the hard particles this reads
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wherem2
1,p

is the asymptotic mass of the particle with momentum p, as summarized
in Eq. (8). We have further defined

h ⌘ pq? . (34)

As seen from the figure and described below, h/p is a transverse momentum vector
which is conjugate to the (transverse) coordinate separation x? between the initial
and final states.

The bremsstrahlung rate Ccoll is determined by the rate of transverse momen-
tum kicks (of magnitude q?) which a hard particle experiences traversing the soft
classical fields:

CR(q?) ⌘ lim
p!1

(2⇡)2
d�R(p,p+ q?)

d2q?
. (35){defcq}

Here p is the momentum of the hard particle, which is large (p ! 1) relative to
the the typical momentum, ⇠ gT , of the background fields. The collision kernel
CR can be expressed as a Wilson loop in the (x+

, x?) plane evaluated in the clas-
sical background,12,32,33 as sketched in Fig. 3. To motivate the appropriate Wilson
loop we note that the average squared momentum transfer per unit time (i.e. q̂) is
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• Key ingredient 

• in the description of jet modification, see J. Brewer’s talk

• in thermalisation&transport: effective number-violating 1↔2 process, 
efficient chemical equilibration and energy transport, bottom-up 
thermalisation Baier Mueller Schiff Son (2001)
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Medium-induced radiation
• Probability I: vacuum DGLAP x emission vertices x transverse diffusion

Baier Dokshitzer Mueller Peigne Schiff, Zakharov (1995-97) 4
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• Transverse diffusion under this  
Hamiltonian 
 
 
Real part: phase accumulation (with  
in-medium masses) 
Imaginary part: Wilson lines encoding  
scattering kernel with the medium

Medium-induced radiation
• Probability I: vacuum DGLAP x emission vertices x transverse diffusion

t=x0

...

......

t=0 t=0 t=x0

FIG. 17. Two diagrams, time ordered from left to right, whose interference contributes to the rate of
gluon bremsstrahlung. The only difference from the photon emission case of Fig. 7 is that the gluon, as well
as the emitter, can interact with the soft background field.

...

...

...

FIG. 18. A single diagram depicting the interference of the two gluon emission amplitudes of Fig. 17.
The left-hand version depicts the product of amplitudes in a given background field; the right-hand version
shows the result after averaging over random background fields. Individual background field correlators can
connect any two of the three hard lines, and double lines represent the resummed propagators of Fig. 14.

collinear, and consequently the interactions are ordered in the same way as before. The
new complications are, first, that there is a color matrix TA

ab at the hard particle vertex, and
second, that there are now correlations between the soft gauge field felt by the gluon and
either emitter line, not just between the two emitter lines.

Because the interactions are ordered as before, it is still possible to resum the diagrams
by an integral equation similar to Eq. (3.14). The only difference is that there are now three
elements in the collision term, corresponding to the three kinds of correlations between lines
shown in Fig. 18. The group theoretic coefficients are easily found with the help of

T b
R T a

R T b
R =

(
CR − 1

2CA

)
T a
R , T c

R T b
R ifabc = 1

2 CA T a
R , (6.1)

where T a
R denote representation R color generators. Since the soft gluon correlators are

ordered in time, this is sufficient to determine the group factor for the whole diagram; each
line between emitters gives a factor of (CR − 1

2CA) and each line from an emitter to the
emitted gluon gives 1

2CA.
The other complication is that, whereas before a cross-rung always changed p and left

k the same, now it can either change p, change k, or change both. This is a reflection of
the fact that the gluon, unlike the photon, can scatter during the 1/g2T time scale of the
process. In the photon case, we had a natural fixed direction k with respect to which we
defined p⊥ (whose changes we had to keep track of) and p‖ (whose changes we could ignore).

One inelegant but concrete possibility would be to proceed as before but (i) pick by some
convention any direction nearly collinear with k, p and p + k to define the “parallel” (‖)

24
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• In practice, most approaches resorted to limiting regimes

• Opacity expansion, for thin media  
Gyulassy Levai Vitev (2000) 

• Harmonic oscillator approximation, for thick media, introduce 
Diffusion under multiple soft scatterings 
 

• Infinite, time-independent medium Arnold Moore Yaffe (2002)
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Hence we obtain

�q̂L = g
2
CRT

Z
d
2
q?

(2⇡)2
q
2

?�m
2
1

(q2? +m2
1)2

=
g
2
CRT �m

2
1

4⇡

"
ln

 �
µ
NLO

�2

m2
1

!
� 1

#
, (89){finallongdiffnlo}

where we have introduced a regulator µ
NLO. As we will show, the semi-collinear

region will remove the dependence on it, so that it should be taken to obey gT ⌧

µ
NLO

⌧
p
gT .

5.3. The semi-collinear region
{sec_semi}

As we anticipated before, semi-collinear processes can be seen as 1 $ 2 splitting
processes where the opening angle (and hence the virtuality) are larger. Two exam-
ples are drawn in Fig. 11. The scalings of this region are as follows: K ⇠ gT is soft,

p
g

p
g

K
KP �Q

Q+K

P �Q

Q+K

Fig. 11. Diagrams for two typical semi-collinear processes. In the first case the soft gluon is in
the spacelike Landau cut, whereas in the second case it is on its timelike plasmon pole, represented
by the black blob. {fig_semicoll}

whereas the two final-state particles are collinear, albeit with an increased virtuality
and opening angle with respect to the collinear sector. The leading contribution
then comes from q

+
⇠ T, q

�
⇠ gT, q

2

? ⇠ gT
2, Q2

⇠ gT
2.

Naive power-counting arguments would suggest that the semi-collinear region
should contribute to leading order, as it is the largest slice of phase space where a soft
gluon can attach to a 1 $ 2 process. However, once all diagrams are summed and
squared, a cancellation, first noticed in the context of photon radiation,30 introduces
an extra O(g) suppression. Furthermore, since K ⇠ gT in all components, the
contribution from timelike soft gluons, e.g. plasmons, is now allowed. This is
contrasted by the collinear region, where kinematics enforce k

�
⇠ �E ⇠ g

2
T ⌧

k
+
, k?, thus restricting soft gluons to the space-like domain only.
The contribution �Csemi�coll to the collision operator can be written in the same

way as the collinear one, as given by Eq. (42), with the replacement of the collinear
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• Consider for simplicity the broadening of a single parton: 

• Broadening probability 
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t2

y2x2

x1 y1

Figure2.1:StaticWilsonloopwithedgesy1=(�TW/2,r/2),x1=(TW/2,r/2),y2=
(�TW/2,�r/2)andx2=(TW/2,�r/2).Timedirectionisfromlefttoright,thusthe
quarktrajectoriesarehorizontalandtheequal-timeendpointWilsonlinesarevertical.

wherePisthepath-orderingoperatorandtheintegrationcontour⇤isrepresentedin
Fig.2.1.TheWilsonloopvacuumamplitudecanalsobeexpressedasapathintegral

hW⇤i=
Z

DADqDqe�iS(0)
TrPexp

⇢
�ig

I

⇤
dxµAa

µ(x)Ta

�
(2.8)

whereqandqarethelightquarkfieldsandS(0)istheYang-Millspluslight-quarkaction
ofQCD.
Atzerothorderinthemultipoleexpansion(2.3)andinthestaticlimitthecorresponding
pNRQCDGreenfunctioncanbederivedfromtheLagrangian(1.37)

GpNRQCD=Z(0)

s(r)�3(x1�y1)�3(x2�y2)e�iTWV
(0)
s(r).(2.9)

Wenowneedtosingleoutthesoftscale:exploitingthefactthatthisscaleismuch
greaterthantheultrasoftscaleEwecanconsiderthelargeTWlimitoftheWilsonloop,
equivalenttothe�E!0limit.Wethushave

i

TW
loghW⇤i=u0(r)+i

u1(r)
TW

+O
✓

1
T2

W

◆
,(2.10)

andintheinfinite-timelimitthehigher-ordertermsinthe1/TWexpansionaresup-
pressed.Wehavealsodroppedtermsthatdonotdependonr,suchasselfenergies.
Thesetermscanarisebothintheperturbativeandnon-perturbativeregions,butare
notrelevantforthepotential.ThematchingconditionGNRQCD=GpNRQCDatthe
matchingscaleµ(thetwotheoriesandtheirGreenfunctionsareofcourseingeneral
notequal;theyaresoonlyintheregionwherepNRQCDexists)thenimplies

(
V(0)

s(r)=u0(r)
logZ(0)

s(r)=u1(r)
(2.11)

Soweseethatthepotentialatthisorderofthemultipoleexpansionissimplylinkedto
thevacuumexpectationvalueoftheWilsonloopbytherelation

V(0)

s(r)=u0(r)=�lim
TW!1

1
iTW

loghW⇤i.(2.12)
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• Consider for simplicity the broadening of a single parton: 

• Broadening probability 
 

5

Let us now verify that the above result reproduces the
expected asymptotic behavior at small and large trans-
verse momentum.

The (0) contribution matches exactly the MS solution
from Eq. (19), and thus its limiting behavior is easy
to analyse. At large momentum transfers, k2

� Q2

s,
P

(0)(k, L) decays exponentially with k, while if k2
⌧

Q2

s it becomes independent of k. More importantly,
the Gaussian profile implies that the typical momen-
tum transverse acquired due to momentum broadening
hk2

ityp⇠Q2

s. Therefore, P(0)(k, L) correctly captures the
physics associated to multiple soft scattering at scales
k2 . Q2

s.
For the (1) term, we use two limiting forms of the Ei

function. That is, when x ! 1, Ei(x) ⇡ ex(1/x+1/x2 +
2/x3) so that the large k behavior of the (1) term reads

P
(1)(k, L)

���
k2�Q2

s

= 4⇡
Q2

s0

k4
+ O

✓
Q4

s0

k6

◆
. (31)

This result matches Eq. (17) and therefore the (1) term
successfully encodes the hard 1/k4 tail of the full
P(k, L) distribution. As a consequence, it is physi-
cally preferable for phenomenological applications to
use Eq. (30) instead of Eq. (19). On the other end, x ! 0,
Ei(x) ⇡ �E + log x and then

P
(1)(k, L)

���
k2⌧Q2

s

=
4⇡�

Q2
s

log 4 a e1��E , (32)

which, up to a small constant logarithm, corresponds
to the MS result (Eq. (19)) in this kinematic limit, sup-
pressed by a power of �. This is analogous to the small
energy limit behavior obtained in [11–13] for the gluon
emission spectrum.

In Fig. 1, we evaluate Eq. (27) at (0), (1) order and their
sum (0)+(1). These curves are compared to the exact
numerical solution of Eq. (11) when plugging the GW
dipole cross-section given by Eq. (8). A small value of
the expansion parameter � is chosen on purpose such
that this figure represents a proof-of-concept of the pro-
posed scheme in its regime of validity. In the multi-
ple scattering regime, i.e. at small-k?, the (0) contri-
bution dominates over the (1) term as expected from
our asymptotic analysis. Nevertheless, the (0)+(1) curve
shows a small discrepancy, to be quantified in what fol-
lows, with respect to the full GW result. The situation
is improved at large-k?, where the (1) contribution cor-
rectly captures the power-law tail completely absent in
the (0) scenario. This figure demonstrates how a purely
analytic, two terms expansion given by Eq. (30) exhibits
an excellent agreement with the numerically obtained
P(k, L) using GW/HTL models for v(x).

The natural question arises as to what is the value of
the �-parameter at which the expansion fails to repro-
duce the GW result. This problem, together with the role
of higher orders, is tackled in Fig. 2. In the top panel we
observe how the performance of the (0)+(1) truncation

10�1 100 101 102

k�[GeV]
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10�1

k �
P

(k
�
)[

G
eV

�
1 ]

� = ln�1(Q2/µ2
�) = 0.1

GW
P (1)

P (0)

P (0)+(1)

Figure 1. Momentum broadening probability distribution at
different orders in Molière’s-expansion (see Eq. (25)) com-
pared to the exact result for GW (see Eq. (8)) with � = 0.1
corresponding to (Q2

s0 = 30 GeV2, m2

D = 0.13 GeV2). In this
and following figures kT ⌘ |k|.

is degraded when increasing � both at low and large k.
This result is expected as the larger � gets, the less pre-
cise is to consider �v(x) as perturbative contribution in
Eq. (20). The relevant values of � for current and fu-
ture colliders will be discussed in Section V. As shown
in the bottom panel of Fig. 2 this discrepancy can be al-
leviated by adding extra terms in the expansion. In par-
ticular, when adding the (2) (see Eq. (25)) contribution
for �=0.1 we find a ratio to the exact GW result close to
one in the whole interval in k. Unfortunately, we were
not able to find yet a general analytic expression for the
n-th term in the series, thus higher orders have to be
computed numerically.

IV. SENSITIVITY TO IR MODELING UP TO
NEXT-TO-LEADING POWER ORDER REMOVE[VIA A
TWIST EXPANSION]: GW AND HTL COMPARISON

In the previous Section, as a first step towards an an-
alytic expression for P(k, L) that encompasses the main
physical mechanisms, we have expanded the dipole
cross-section to leading power order (see Eq. (15)). In
order to assess the sensitivity of transverse momentum
broadening to the non-perturbative infrared structure of
a given model for �(q), going beyond the leading power
(LP) term is mandatory. In what follows, we fix the hard
scale of the problem Qs0 such that we are only sensi-
tive to the dependence of this expansion with respect
to the infrared regulator µ⇤. Consequently, these ad-
ditional terms are expected to modify the low momen-
tum regime of P(k, L). Hence, this will be the explored
region in the figures of this section. At this point, we
would like to emphasize that the expansion in universal
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• Consider for simplicity the broadening of a single parton: 

• Broadening probability 
 

• IR Gaussian from multiple soft scatterings 

5

Let us now verify that the above result reproduces the
expected asymptotic behavior at small and large trans-
verse momentum.

The (0) contribution matches exactly the MS solution
from Eq. (19), and thus its limiting behavior is easy
to analyse. At large momentum transfers, k2

� Q2

s,
P

(0)(k, L) decays exponentially with k, while if k2
⌧

Q2

s it becomes independent of k. More importantly,
the Gaussian profile implies that the typical momen-
tum transverse acquired due to momentum broadening
hk2

ityp⇠Q2

s. Therefore, P(0)(k, L) correctly captures the
physics associated to multiple soft scattering at scales
k2 . Q2

s.
For the (1) term, we use two limiting forms of the Ei

function. That is, when x ! 1, Ei(x) ⇡ ex(1/x+1/x2 +
2/x3) so that the large k behavior of the (1) term reads

P
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k2�Q2
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= 4⇡
Q2

s0

k4
+ O
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Q4

s0

k6

◆
. (31)

This result matches Eq. (17) and therefore the (1) term
successfully encodes the hard 1/k4 tail of the full
P(k, L) distribution. As a consequence, it is physi-
cally preferable for phenomenological applications to
use Eq. (30) instead of Eq. (19). On the other end, x ! 0,
Ei(x) ⇡ �E + log x and then

P
(1)(k, L)

���
k2⌧Q2

s

=
4⇡�

Q2
s

log 4 a e1��E , (32)

which, up to a small constant logarithm, corresponds
to the MS result (Eq. (19)) in this kinematic limit, sup-
pressed by a power of �. This is analogous to the small
energy limit behavior obtained in [11–13] for the gluon
emission spectrum.

In Fig. 1, we evaluate Eq. (27) at (0), (1) order and their
sum (0)+(1). These curves are compared to the exact
numerical solution of Eq. (11) when plugging the GW
dipole cross-section given by Eq. (8). A small value of
the expansion parameter � is chosen on purpose such
that this figure represents a proof-of-concept of the pro-
posed scheme in its regime of validity. In the multi-
ple scattering regime, i.e. at small-k?, the (0) contri-
bution dominates over the (1) term as expected from
our asymptotic analysis. Nevertheless, the (0)+(1) curve
shows a small discrepancy, to be quantified in what fol-
lows, with respect to the full GW result. The situation
is improved at large-k?, where the (1) contribution cor-
rectly captures the power-law tail completely absent in
the (0) scenario. This figure demonstrates how a purely
analytic, two terms expansion given by Eq. (30) exhibits
an excellent agreement with the numerically obtained
P(k, L) using GW/HTL models for v(x).

The natural question arises as to what is the value of
the �-parameter at which the expansion fails to repro-
duce the GW result. This problem, together with the role
of higher orders, is tackled in Fig. 2. In the top panel we
observe how the performance of the (0)+(1) truncation
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Figure 1. Momentum broadening probability distribution at
different orders in Molière’s-expansion (see Eq. (25)) com-
pared to the exact result for GW (see Eq. (8)) with � = 0.1
corresponding to (Q2

s0 = 30 GeV2, m2

D = 0.13 GeV2). In this
and following figures kT ⌘ |k|.

is degraded when increasing � both at low and large k.
This result is expected as the larger � gets, the less pre-
cise is to consider �v(x) as perturbative contribution in
Eq. (20). The relevant values of � for current and fu-
ture colliders will be discussed in Section V. As shown
in the bottom panel of Fig. 2 this discrepancy can be al-
leviated by adding extra terms in the expansion. In par-
ticular, when adding the (2) (see Eq. (25)) contribution
for �=0.1 we find a ratio to the exact GW result close to
one in the whole interval in k. Unfortunately, we were
not able to find yet a general analytic expression for the
n-th term in the series, thus higher orders have to be
computed numerically.

IV. SENSITIVITY TO IR MODELING UP TO
NEXT-TO-LEADING POWER ORDER REMOVE[VIA A
TWIST EXPANSION]: GW AND HTL COMPARISON

In the previous Section, as a first step towards an an-
alytic expression for P(k, L) that encompasses the main
physical mechanisms, we have expanded the dipole
cross-section to leading power order (see Eq. (15)). In
order to assess the sensitivity of transverse momentum
broadening to the non-perturbative infrared structure of
a given model for �(q), going beyond the leading power
(LP) term is mandatory. In what follows, we fix the hard
scale of the problem Qs0 such that we are only sensi-
tive to the dependence of this expansion with respect
to the infrared regulator µ⇤. Consequently, these ad-
ditional terms are expected to modify the low momen-
tum regime of P(k, L). Hence, this will be the explored
region in the figures of this section. At this point, we
would like to emphasize that the expansion in universal
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• Consider for simplicity the broadening of a single parton: 

• Broadening probability 
 

• IR Gaussian from multiple soft scatterings 

• asymptotic freedom ⇒ it has to make way 
to the rare large momentum scatterings

5

Let us now verify that the above result reproduces the
expected asymptotic behavior at small and large trans-
verse momentum.

The (0) contribution matches exactly the MS solution
from Eq. (19), and thus its limiting behavior is easy
to analyse. At large momentum transfers, k2

� Q2

s,
P

(0)(k, L) decays exponentially with k, while if k2
⌧

Q2

s it becomes independent of k. More importantly,
the Gaussian profile implies that the typical momen-
tum transverse acquired due to momentum broadening
hk2

ityp⇠Q2

s. Therefore, P(0)(k, L) correctly captures the
physics associated to multiple soft scattering at scales
k2 . Q2

s.
For the (1) term, we use two limiting forms of the Ei

function. That is, when x ! 1, Ei(x) ⇡ ex(1/x+1/x2 +
2/x3) so that the large k behavior of the (1) term reads

P
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k4
+ O
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k6

◆
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This result matches Eq. (17) and therefore the (1) term
successfully encodes the hard 1/k4 tail of the full
P(k, L) distribution. As a consequence, it is physi-
cally preferable for phenomenological applications to
use Eq. (30) instead of Eq. (19). On the other end, x ! 0,
Ei(x) ⇡ �E + log x and then
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which, up to a small constant logarithm, corresponds
to the MS result (Eq. (19)) in this kinematic limit, sup-
pressed by a power of �. This is analogous to the small
energy limit behavior obtained in [11–13] for the gluon
emission spectrum.

In Fig. 1, we evaluate Eq. (27) at (0), (1) order and their
sum (0)+(1). These curves are compared to the exact
numerical solution of Eq. (11) when plugging the GW
dipole cross-section given by Eq. (8). A small value of
the expansion parameter � is chosen on purpose such
that this figure represents a proof-of-concept of the pro-
posed scheme in its regime of validity. In the multi-
ple scattering regime, i.e. at small-k?, the (0) contri-
bution dominates over the (1) term as expected from
our asymptotic analysis. Nevertheless, the (0)+(1) curve
shows a small discrepancy, to be quantified in what fol-
lows, with respect to the full GW result. The situation
is improved at large-k?, where the (1) contribution cor-
rectly captures the power-law tail completely absent in
the (0) scenario. This figure demonstrates how a purely
analytic, two terms expansion given by Eq. (30) exhibits
an excellent agreement with the numerically obtained
P(k, L) using GW/HTL models for v(x).

The natural question arises as to what is the value of
the �-parameter at which the expansion fails to repro-
duce the GW result. This problem, together with the role
of higher orders, is tackled in Fig. 2. In the top panel we
observe how the performance of the (0)+(1) truncation
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pared to the exact result for GW (see Eq. (8)) with � = 0.1
corresponding to (Q2

s0 = 30 GeV2, m2

D = 0.13 GeV2). In this
and following figures kT ⌘ |k|.

is degraded when increasing � both at low and large k.
This result is expected as the larger � gets, the less pre-
cise is to consider �v(x) as perturbative contribution in
Eq. (20). The relevant values of � for current and fu-
ture colliders will be discussed in Section V. As shown
in the bottom panel of Fig. 2 this discrepancy can be al-
leviated by adding extra terms in the expansion. In par-
ticular, when adding the (2) (see Eq. (25)) contribution
for �=0.1 we find a ratio to the exact GW result close to
one in the whole interval in k. Unfortunately, we were
not able to find yet a general analytic expression for the
n-th term in the series, thus higher orders have to be
computed numerically.

IV. SENSITIVITY TO IR MODELING UP TO
NEXT-TO-LEADING POWER ORDER REMOVE[VIA A
TWIST EXPANSION]: GW AND HTL COMPARISON

In the previous Section, as a first step towards an an-
alytic expression for P(k, L) that encompasses the main
physical mechanisms, we have expanded the dipole
cross-section to leading power order (see Eq. (15)). In
order to assess the sensitivity of transverse momentum
broadening to the non-perturbative infrared structure of
a given model for �(q), going beyond the leading power
(LP) term is mandatory. In what follows, we fix the hard
scale of the problem Qs0 such that we are only sensi-
tive to the dependence of this expansion with respect
to the infrared regulator µ⇤. Consequently, these ad-
ditional terms are expected to modify the low momen-
tum regime of P(k, L). Hence, this will be the explored
region in the figures of this section. At this point, we
would like to emphasize that the expansion in universal
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• Improved harmonic oscillator approximation (IHO or IOE): 
 
 
Treat the non-quadratic part of the kernel as a perturbation, properly 
incorporating the Coulomb logarithm: includes the rarer harder “Molière” 
scatterings

• Inclusion of Molière scattering in hybrid framework:  
talk by Hulcher Tue 18:30
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• Numerical determination of the Green’s function of the full Hamiltonian 
 
 
 

Medium-induced radiation: new developments

Andres Apolinario Dominguez JHEP2007 (2020) Andres Dominguez Gonzalez-Martinez JHEP2103 (2021) 
Applications to time-dependent media in the talk by Andres, Wed 16:40 

See also Caron-Huot Gale PRC82 (2010) 
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Figure 2: Comparison between the energy spectrum computed with GLV (dotted, purple),

the IOE at LO (dashed, green), at LO+NLO (solid, red) and the all-order spectrum (solid,

navy) as computed in [33]. The ratio to the full solution is presented in the bottom panels.

The uncertainty band arises from variations in the matching scale and the gray region

indicates the regime in which Eq. (2.42) does not have a solution. The parameters used

are identical to those of Fig. 1 and !c0⌘ q̂0L2.

Q2
r ⇠

p
q̂0!, which using the above relations for the gluon formation time and the average

accumulated momentum, can be translated into the typical momentum acquired by a gluon

with frequency ! ⌧ !c. The solutions of Eq. (2.42) are discussed in Appendix B.

Finally, we still need to ensure that Q2
r � µ2

⇤ in order to justify the expansion. Ignoring

the logarithmic dependence in the matching scale, we observe that the IOE approach only

works if

!BH ⌧ ! , (2.43)

where we defined the characteristic Bethe-Heitler (BH) frequency as !BH = µ4
⇤/q̂0. This

condition means that the current scheme is not valid in the BH regime [68], see Ref. [34]

for a similar conclusion and further discussion regarding the analytic treatment of the

BH region. This regime is characterized by gluons with a formation time of the order of

the mean free path in the medium, acquiring a momentum k2? ⇠ q̂0`fmp ⇠ µ2
⇤ and with

a typical energy !BH ⇠ T of the order of the medium temperature. At this scale, non-

linear dissipation e↵ects take place [69] such as gluon absorption. However, in the case of

large or dense enough media (such that Q2
� m2

D) the BH regime is power suppressed and

radiative energy loss is dominated by frequencies in the deep LPM regime in the calculation

of inclusive jet observables [70].
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Figure 1: Comparison between the broadening probability distribution for the IOE at LO

(dashed, green), at LO+NLO (solid, red) and the exact GW model result (solid, navy).

In addition, we provide the single hard scattering solution given by Eq. (2.21), which we

denote by k�4
? (dotted, purple). The ratio to the full solution is presented in the bottom

panels. The uncertainty band arises from variations in the matching scale by factors of 2

and 1/2. The medium parameters are q̂0 = 0.16 GeV3, L = 6 fm and µ⇤ = 0.355 GeV.

They are identical to the ones used in Section 4.

nevertheless be obtained for two special choices of the potential: vacuum and harmonic os-

cillator. In the vacuum case, setting v(x, t) = 0 leads to the following solution of Eq. (2.24)

K0(�x,�t) =
!

2⇡i�t
exp

✓
i
!�x2

2�t

◆
, (2.25)

where �x = x � y and �t = t2 � t1. Note that this contribution is explicitly removed in

Eq. (2.23) so that the result is only sensitive to the purely medium-induced contribution.

In fact, we can also express the resummed propagator, given by the solution of Eq. (2.24),

as a Dyson-like iterative equation that resums multiple interactions around the vacuum

solution, namely

K(x, t2;y, t1) = K0(x � y, t2 � t1) �

ˆ t2

t1

ds

ˆ
z

K0(x � z, t2 � s)v(z, s)K(z, s;y, t1) .

(2.26)

From the structure of the equation, we immediately see that, for a time independent rate

v(x, t) = v(x), the function K only depends on ⌧ ⌘ t2�t1. This equation is equivalent to an

expansion in medium opacity �, defined as � = L/`mfp. Computing the radiative spectrum
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Medium-induced radiation: the scattering kernel
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• Classical (soft gluon) corrections to the scattering/broadening kernel  
can be problematic for perturbation theory, Linde problem

Medium-induced radiation: the scattering kernel

g g

nB(p) ∼ T/p ∼ 1/g
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• Classical (soft gluon) corrections to the scattering/broadening kernel  
can be problematic for perturbation theory, Linde problem

• Breakthrough: soft classical modes at space-like separations become  
Euclidean and time-independent Caron-Huot PRD79 (2008)
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Figure2.1:StaticWilsonloopwithedgesy1=(�TW/2,r/2),x1=(TW/2,r/2),y2=
(�TW/2,�r/2)andx2=(TW/2,�r/2).Timedirectionisfromlefttoright,thusthe
quarktrajectoriesarehorizontalandtheequal-timeendpointWilsonlinesarevertical.

wherePisthepath-orderingoperatorandtheintegrationcontour⇤isrepresentedin
Fig.2.1.TheWilsonloopvacuumamplitudecanalsobeexpressedasapathintegral

hW⇤i=
Z

DADqDqe�iS(0)
TrPexp

⇢
�ig

I

⇤
dxµAa

µ(x)Ta

�
(2.8)

whereqandqarethelightquarkfieldsandS(0)istheYang-Millspluslight-quarkaction
ofQCD.
Atzerothorderinthemultipoleexpansion(2.3)andinthestaticlimitthecorresponding
pNRQCDGreenfunctioncanbederivedfromtheLagrangian(1.37)

GpNRQCD=Z(0)

s(r)�3(x1�y1)�3(x2�y2)e�iTWV
(0)
s(r).(2.9)

Wenowneedtosingleoutthesoftscale:exploitingthefactthatthisscaleismuch
greaterthantheultrasoftscaleEwecanconsiderthelargeTWlimitoftheWilsonloop,
equivalenttothe�E!0limit.Wethushave

i

TW
loghW⇤i=u0(r)+i

u1(r)
TW

+O
✓

1
T2

W

◆
,(2.10)

andintheinfinite-timelimitthehigher-ordertermsinthe1/TWexpansionaresup-
pressed.Wehavealsodroppedtermsthatdonotdependonr,suchasselfenergies.
Thesetermscanarisebothintheperturbativeandnon-perturbativeregions,butare
notrelevantforthepotential.ThematchingconditionGNRQCD=GpNRQCDatthe
matchingscaleµ(thetwotheoriesandtheirGreenfunctionsareofcourseingeneral
notequal;theyaresoonlyintheregionwherepNRQCDexists)thenimplies

(
V(0)

s(r)=u0(r)
logZ(0)

s(r)=u1(r)
(2.11)

Soweseethatthepotentialatthisorderofthemultipoleexpansionissimplylinkedto
thevacuumexpectationvalueoftheWilsonloopbytherelation

V(0)

s(r)=u0(r)=�lim
TW!1

1
iTW

loghW⇤i.(2.12)
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• Classical (soft gluon) corrections to the scattering/broadening kernel  
can be problematic for perturbation theory, Linde problem

• Breakthrough: soft classical modes at space-like separations become  
Euclidean and time-independent Caron-Huot PRD79 (2008)

• Horrible HTL perturbative calculation or extremely challenging 4D lattice on the 
light-cone become 3D Electrostatic QCD (EQCD).  
New strategy: lattice for b≳1/gT, pQCD for b≲1/gT

Medium-induced radiation: the scattering kernel

g g

nB(p) ∼ T/p ∼ 1/g
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B

y2x2

x1 y1

Figure2.1:StaticWilsonloopwithedgesy1=(�TW/2,r/2),x1=(TW/2,r/2),y2=
(�TW/2,�r/2)andx2=(TW/2,�r/2).Timedirectionisfromlefttoright,thusthe
quarktrajectoriesarehorizontalandtheequal-timeendpointWilsonlinesarevertical.

wherePisthepath-orderingoperatorandtheintegrationcontour⇤isrepresentedin
Fig.2.1.TheWilsonloopvacuumamplitudecanalsobeexpressedasapathintegral

hW⇤i=
Z

DADqDqe�iS(0)
TrPexp

⇢
�ig

I

⇤
dxµAa

µ(x)Ta

�
(2.8)

whereqandqarethelightquarkfieldsandS(0)istheYang-Millspluslight-quarkaction
ofQCD.
Atzerothorderinthemultipoleexpansion(2.3)andinthestaticlimitthecorresponding
pNRQCDGreenfunctioncanbederivedfromtheLagrangian(1.37)

GpNRQCD=Z(0)

s(r)�3(x1�y1)�3(x2�y2)e�iTWV
(0)
s(r).(2.9)

Wenowneedtosingleoutthesoftscale:exploitingthefactthatthisscaleismuch
greaterthantheultrasoftscaleEwecanconsiderthelargeTWlimitoftheWilsonloop,
equivalenttothe�E!0limit.Wethushave

i

TW
loghW⇤i=u0(r)+i

u1(r)
TW

+O
✓

1
T2

W

◆
,(2.10)

andintheinfinite-timelimitthehigher-ordertermsinthe1/TWexpansionaresup-
pressed.Wehavealsodroppedtermsthatdonotdependonr,suchasselfenergies.
Thesetermscanarisebothintheperturbativeandnon-perturbativeregions,butare
notrelevantforthepotential.ThematchingconditionGNRQCD=GpNRQCDatthe
matchingscaleµ(thetwotheoriesandtheirGreenfunctionsareofcourseingeneral
notequal;theyaresoonlyintheregionwherepNRQCDexists)thenimplies

(
V(0)

s(r)=u0(r)
logZ(0)

s(r)=u1(r)
(2.11)

Soweseethatthepotentialatthisorderofthemultipoleexpansionissimplylinkedto
thevacuumexpectationvalueoftheWilsonloopbytherelation

V(0)

s(r)=u0(r)=�lim
TW!1

1
iTW

loghW⇤i.(2.12)
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• Classical (soft gluon) corrections to the scattering/broadening kernel  
can be problematic for perturbation theory, Linde problem

• Breakthrough: soft classical modes at space-like separations become  
Euclidean and time-independent Caron-Huot PRD79 (2008)

• Horrible HTL perturbative calculation or extremely challenging 4D lattice on the 
light-cone become 3D Electrostatic QCD (EQCD).  
New strategy: lattice for b≳1/gT, pQCD for b≲1/gT

• Recently: continuum-extrapolated EQCD lattice data  
for the scattering kernel and merging with pQCD  
Moore Schlusser PRD101 (2020) Moore Schlichting Schlusser  
Soudi JHEP2110 (2021)

Medium-induced radiation: the scattering kernel

g g

nB(p) ∼ T/p ∼ 1/g
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• LO and NLO perturbative EQCD:  
Aurenche Gelis Zaraket (2002) Caron-Huot 
(2008) 
LO UV (q≳gT) pQCD and matching:  
Arnold Xiao (2008) JG Kim (2018)

• Significant deviations from pQCD

• Non-perturbative magnetic “screening” 
means q-3 instead of Coulomb/Molière q-4 

• qhat second moment of this quantity

The scattering kernel
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FIG. 1. (top) Non-perturbative elastic broadening kernel
CQCD(b?) in impact parameter space. Data points for two
di↵erent temperatures T = 250, 500MeV are shown along-
side the interpolating splines. We also compare to the short-
distance limit in Eq. (7) and the long-distance limit in Eq. (6).
(from [1]). (bottom) Elastic broadening kernel CQCD(q?)
in momentum space for T = 250, 500MeV. Blue and pur-
ple bands represent uncertainties of the spline interpolation
for 250MeV and 500MeV respectively. We also compare the
kernel to leading-order (LO) and next-to-leading order (NLO)
determinations, as well as to the UV limit in Eq. (17) and the
IR limit in Eq. (16).

While the integral in Eq. (10) is still highly oscillatory, it
can be computed numerically as long as the integrand is
su�ciently well behaved at the integration boundaries.
In order to ensure numerical convergence, we therefore
subtract the leading asymptotic behavior at large dis-
tances

dCIR(b?)

db?
=

�EQCD

g4T 2
g4T . (11)

and only perform a numerical Hankel transform of the
remainder

d

db?
�CQCD(b?) =

dCQCD(b?)

db?
�

dCIR

QCD
(b?)

db?
, (12)

which by construction vanishes for large impact parame-
ters. By numerically performing the Hankel transform

�CQCD(q?) =
2⇡

q?

Z 1

0

db? b?J1(b? q?)
d

db?
�CQCD(b?) ,

(13)

and supplying it with the analytic result for the Hankel
transform of CIR(b?), given by

CIR

QCD
(q?) =

2⇡

q3?

�EQCD

g2T
. (14)

we obtain the full momentum broadening kernel as

CQCD(q?) = �CQCD(q?) + CIR

QCD
(q?) , (15)

We note that, due to the fact that the Bessel function
is highly oscillatory for large momentaq?, su�cient care
should be taken in performing the integral, and we de-
scribe the procedure we employ in Appendix. A.
Next, in order to construct the momentum broaden-

ing kernel C(q?) at all scales we proceed to transform
the limiting behaviors of the kernel, which can be used
to extrapolate the results beyond the tabulated range of
q? values. In the deep infrared regime, the momentum
broadening kernel is determined by the string tension,
where as shown in Appendix. A, one finds

CQCD(q?)
q?⌧ g2T
������!2⇡

�EQCD

q3?
(16)

In the UV limit the momentum broadening kernel follows
the same behavior as the perturbative QCD kernel in
Eq. (4), and one obtains [40]

CQCD(q?)
q?� mD
������!

CRg4T 3
N

q4?
. (17)

C. Perturbative kernel in EQCD

Before we present results for the non-perturbative de-
termination of C(q?), we briefly recall the results of per-
turbative calculations, following [1, 39], which we will
use as a reference for comparison. At leading order (LO)
O(g4), the QCD collisional broadening kernel can be ex-
pressed in momentum space [40] as

CLO

QCD
(q?) =

g4CR

q2?(q
2

? +m2

D
)

Z
d3p

(2⇡)3
p� pz

p

[2CAnB(p)(1 + nB(p
0)) + 4NfTfnF(p)(1� nF(p

0))] ,
(18)
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Medium-induced radiation from the EQCD kernel
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When presenting numerical results for the NLO har-
monic oscillator approximation, we compute the inte-
grated spectrum in Eq. (68) and subsequently perform
a numerical derivative w.r.t. t to obtain the rate shown
in Fig. 4.

IV. NUMERICAL RESULTS

We now turn to the discussion of numerical results for
the in-medium radiation rate. We numerically obtain
the rate for the di↵erent (LO,NLO,NP) broadening ker-
nels C(q?) as described in detail in App. B; the soft-
ware to calculate the rates is publicly available at [49].
We illustrate our results at the example of the radia-
tion of a gluon by a parent quark of energy P = 300T
in an equilibrium medium with constant temperature
T = 500MeV. We present our results for the rate d�/dz
in Figure 2 as a function of time t for three di↵erent mo-
mentum fractions z = 0.05, 0.25, 0.5 and in Figure 3 as a
function of momentum fraction z for four di↵erent times
t = 0.15, 0.4, 1, 4fm/c. Di↵erent curves in each panel of
Figs. 2 and 3 show the rates obtained using the non-
perturbatively (NP) determined C(q?), along with the
results for the leading order (LO) and next-to-leading
order (NLO) perturbative collision kernel (c.f. Sec. II).
Insets at the bottom of each graphic displays the ratio to
the LO results.

With regards to time dependence in Fig. 2, one finds
that the splitting rates exhibit a linear behavior at early

times
⇣
t . 2Pz(1�z)

m2
D

⌘
and quickly saturate at later times

where the splitting rate is given by the infinite medium
rate. We indicate the infinite medium rate by a gray
dashed line, which can be determined entirely in impact
parameter space(c.f. [1]), and thus provides an important
validation of the numerical procedure. When comparing
the results obtained for the di↵erent collision kernels, we
observe that the non-perturbative result starts lower than
the LO rates before it settles above the LO and below the
NLO.

When considering the z dependence of the rate in Fig. 3
one observes that finite size e↵ects lead to a significant
suppression of the rate of quasi-democratic (z ⇠ 1/2)
splittings compared to the infinite medium rates (t = 1).
While at early times, the non-perturbatively determined
rate d�/dz is suppressed compared to the LO rate for
all momentum fractions z, it starts to rise above the LO
results as the rates for soft (z ⌧ 1) and hard (z ⇠ 1)
branchings approach the infinite medium limit.

Notably, we find that in both Figs. 2 and 3 the result
for the non-perturbative kernel does not depart from a
band of ±50% around LO, while the NLO result can be-
comes over 2⇥ larger than the LO result.

We also computed the various approximations to the
splitting rates discussed in Sec. III. In Figures 4 and
5 we compare the full in-medium rates to the first or-
der opacity expansion (N = 1), the resummed opac-
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FIG. 2. Splitting rate for the medium-induced emission of
a gluon from a parent quark with energy P = 300T in an
equilibrium plasma with temperature T = 250, 500MeV as a
function of the evolution time t. Each panel represent a dif-
ferent gluon momentum fraction z = 0.05, 0.25, 0.5 from top
to bottom. We compare calculation done using the di↵erent
collisional broadening kernel as shown in Fig. 1 (the temper-
ature and coupling constant for the perturbative results are
matched to the T = 500MeV data in Tab. I). The lower panel
of each plot displays the ratio to the LO results.
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FIG. 3. Splitting rate for the medium-induced emission of a
gluon from a parent quark with energy P = 300T in an equi-
librium medium with temperature T = 500MeV as a function
of momentum fraction of the radiated gluon z. Di↵erent pan-
els show the rate d�/dz at fixed times t = 0.4, 1, 4fm/c from
top to bottom. The lower panel of each plot shows the ratio
to the splitting rate for the LO momentum broadening kernel.
Dashed lines correspond to the (AMY) splitting rates [48] in
an infinite medium [1]
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FIG. 4. Splitting rate for the medium-induced emission of
a gluon from a parent quark with energy P = 300T as a
function of the evolution time t. Each panel represent a dif-
ferent gluon momentum fraction z = 0.05, 0.25, 0.5 from top
to bottom. We compare di↵erent approximations of the in-
medium splitting rate, namely the opacity expansion atN = 1
Eq.(55), the resummed opacity rate of Eq. (63) (N = X) and
the NLO expansion around the Harmonic Oscillator Eq. (68)
(NLO-HO) to the full result (T = 500MeV). Note that all
results are obtained with the non-perturbative collision ker-
nel. The lower panel of each plot displays the ratio to the full
rate.
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• (Numerical) splitting rate with the non-perturbative broadening kernel

• Differences from the broadening kernel more important than differences 
from the more sophisticated approximations to the LPM equation 
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FIG. 1. (top) Non-perturbative elastic broadening kernel
CQCD(b?) in impact parameter space. Data points for two
di↵erent temperatures T = 250, 500MeV are shown along-
side the interpolating splines. We also compare to the short-
distance limit in Eq. (7) and the long-distance limit in Eq. (6).
(from [1]). (bottom) Elastic broadening kernel CQCD(q?)
in momentum space for T = 250, 500MeV. Blue and pur-
ple bands represent uncertainties of the spline interpolation
for 250MeV and 500MeV respectively. We also compare the
kernel to leading-order (LO) and next-to-leading order (NLO)
determinations, as well as to the UV limit in Eq. (17) and the
IR limit in Eq. (16).

While the integral in Eq. (10) is still highly oscillatory, it
can be computed numerically as long as the integrand is
su�ciently well behaved at the integration boundaries.
In order to ensure numerical convergence, we therefore
subtract the leading asymptotic behavior at large dis-
tances

dCIR(b?)

db?
=

�EQCD

g4T 2
g4T . (11)

and only perform a numerical Hankel transform of the
remainder

d

db?
�CQCD(b?) =

dCQCD(b?)

db?
�

dCIR

QCD
(b?)

db?
, (12)

which by construction vanishes for large impact parame-
ters. By numerically performing the Hankel transform

�CQCD(q?) =
2⇡

q?

Z 1

0

db? b?J1(b? q?)
d

db?
�CQCD(b?) ,

(13)

and supplying it with the analytic result for the Hankel
transform of CIR(b?), given by

CIR

QCD
(q?) =

2⇡

q3?

�EQCD

g2T
. (14)

we obtain the full momentum broadening kernel as

CQCD(q?) = �CQCD(q?) + CIR

QCD
(q?) , (15)

We note that, due to the fact that the Bessel function
is highly oscillatory for large momentaq?, su�cient care
should be taken in performing the integral, and we de-
scribe the procedure we employ in Appendix. A.
Next, in order to construct the momentum broaden-

ing kernel C(q?) at all scales we proceed to transform
the limiting behaviors of the kernel, which can be used
to extrapolate the results beyond the tabulated range of
q? values. In the deep infrared regime, the momentum
broadening kernel is determined by the string tension,
where as shown in Appendix. A, one finds

CQCD(q?)
q?⌧ g2T
������!2⇡

�EQCD

q3?
(16)

In the UV limit the momentum broadening kernel follows
the same behavior as the perturbative QCD kernel in
Eq. (4), and one obtains [40]

CQCD(q?)
q?� mD
������!

CRg4T 3
N

q4?
. (17)

C. Perturbative kernel in EQCD

Before we present results for the non-perturbative de-
termination of C(q?), we briefly recall the results of per-
turbative calculations, following [1, 39], which we will
use as a reference for comparison. At leading order (LO)
O(g4), the QCD collisional broadening kernel can be ex-
pressed in momentum space [40] as

CLO

QCD
(q?) =

g4CR

q2?(q
2

? +m2

D
)

Z
d3p

(2⇡)3
p� pz

p

[2CAnB(p)(1 + nB(p
0)) + 4NfTfnF(p)(1� nF(p

0))] ,
(18)
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Figure 3. The soft limit of a t− or u−channel gluon exchange diagram. P is the hard momentum
and Q is the soft gluon momentum.

P

Q

Figure 4. The soft limit of a t− or u−channel quark exchange diagram. P is the hard momentum
and Q is the soft quark momentum.

Now consider a collinear 1 ↔ 2 process in the limit where one of the hard/thermal

legs becomes soft4, as shown in Fig. 5. In the first graph, the soft gluon emission

P
K

P
K

Figure 5. The soft-K limits of a 1 ↔ 2 process. The diagram on the left amounts to a diffusion
process at NLO, whereas the diagram on the right amounts to a conversion process.

contributes to the (longitudinal) diffusion of the hard particle. Similarly the soft quark

emission contributes to the hard quark conversion rate. At NLO we will then need

to subtract these limits from the collinear 1 ↔ 2 region and treat them as part of the

diffusion or conversion processes respectively.

4LPM interference is suppressed in this case [27].
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• Shortest duration τ0

• Radiative corrections to momentum broadening are enhanced by soft and collinear 
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• This log2 renormalises the LO qhat. Resum these logs 
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⌧0

with µ
2 = q̂0⌧0 and ↵̄s = ↵sNc/⇡, where the microscopic scale ⌧0 is related to the in-medium

mean-free-path which for a thermal plasma scales as (g2T )�1 at weak coupling.

This double integration corresponds to the area of the right trapezoid depicted in

Figure 3 (left panel). When the upper limit of the k0
? integration falls below Q

2
s, that is,

k2

? < Qs(L)2, one is left with the area of a triangle and one obtains the following double

log (cf. Figure 3 (right panel))

q̂
(1)(k2

? < Q
2

s) =
↵̄s

2
q̂
(0) ln2

k2

?
µ2

. (2.15)

To obtain the corrections to the typical value of transverse momentum broadening we must

evaluate q̂ at k2

? = Q
2
s(L) ' q̂

(0)
L which yields the Liou-Mueller-Wu result [16]

hk
2

?i1�loop,DL '

⇣
q̂
(0) + q̂

(1)

⌘
L = q̂0L

✓
1 +

↵̄s

2
ln2

L

⌧0

◆
. (2.16)

Resummation. In the double logarithmic accuracy (DLA) these radiative corrections

can be resummed to all orders via an evolution equation ordered in ⌧ [16–18]:

q̂(⌧,k2

?) = q̂
(0)(⌧0,k

2

?) +

ˆ ⌧

⌧0

d⌧ 0

⌧ 0

ˆ k2
?

Q2
s(⌧

0)

dk02
?

k02
?

↵̄s(k
02
?) q̂(⌧ 0,k02

?) , (2.17)

Q
2

s(⌧) = q̂(⌧, Q2

s(⌧))⌧ , (2.18)

where q̂
(0)(⌧0,k?) corresponds to the tree-level initial condition. The strong coupling con-

stant appears inside the integral over k0
? to account for its running with the transverse

scale. It is convenient to re-express these two equations in terms of the logarithmic variables

Y = ln
⌧

⌧0
and ⇢ = ln

k2

?
q̂0⌧0

. (2.19)

Thus,

q̂(Y, ⇢) = q̂
(0)(0, ⇢) +

ˆ Y

0

dY 0
ˆ ⇢

⇢s(Y 0)
d⇢0 ↵̄s(⇢

0)q̂(Y 0
, ⇢

0) , (2.20)

q̂(Y, ⇢s(Y )) = q̂0e
⇢s(Y )�Y

. (2.21)

This non-linear evolution equation resums the double logarithms ↵sY ⇢ to all orders. Also,

it is valid in the large Nc limit which is reflected in the overall Nc factor absorbed in the

constant ↵̄s. In principle, since the definition of Qs is “flavor” dependent, there should

be a coupling between the evolution of the quenching parameter q̂F in the fundamental

representation and the adjoint one q̂A. In this paper, we do not consider the e↵ect of

such a coupling (which is beyond DLA) and focus on the evolution of q̂A only. At this

accuracy, the fundamental q̂ can be obtained from q̂A using q̂F = CF /CAq̂A. A graphical

representation of this evolution equation is displayed in Figure 2.

For the running coupling evolution, we use the one loop beta function to determine

the ⇢ dependence of ↵̄s:

↵̄s(⇢) =
b0

⇢ + ⇢0
, (2.22)
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Now consider a collinear 1 ↔ 2 process in the limit where one of the hard/thermal

legs becomes soft4, as shown in Fig. 5. In the first graph, the soft gluon emission
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Figure 5. The soft-K limits of a 1 ↔ 2 process. The diagram on the left amounts to a diffusion
process at NLO, whereas the diagram on the right amounts to a conversion process.

contributes to the (longitudinal) diffusion of the hard particle. Similarly the soft quark

emission contributes to the hard quark conversion rate. At NLO we will then need

to subtract these limits from the collinear 1 ↔ 2 region and treat them as part of the

diffusion or conversion processes respectively.

4LPM interference is suppressed in this case [27].
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Figure 2: An illustration of multiple radiative corrections considered in this paper. Each

block represents a tower of gluon fluctuations triggered by a single scattering with a medium

constituent, with strongly decreasing lifetime and transverse momentum along the cascade

(so the transverse size of a gluon increases from the parent to its daughter). The exponen-

tiation resums several such blocks over the path length L of the incoming hard e↵ective

dipole with transverse size x? ⇠ 1/k?.

with

1

b0
=

11

12
�

NfTR

3Nc
, (2.23)

where Nf = 5 is the number of quark flavors.

Dense and dilute regime. In determining the transverse momentum distribution we

have to distinguish between the dense regime ⇢ < ⇢s(Y ) and the dilute one ⇢ > ⇢s(Y ).

In the latter, recall that the quenching parameter is function of two independent variables

Y = ln(L/⌧0) and ⇢. In the dense regime, however, there is a subtlety in the choice of

variables. Given a general solution q̂(Y, ⇢), the variable Y is no longer an independent

function of ⇢. Again, this variable is related to the upper limit of the ⌧ integral in the DL

phase-space as illustrated in Figure 3. Therefore, the logarithmic variable Y must be fixed

such that the quenching parameter q̂ which appears inside the forward scattering amplitude

is only a function of ⇢. The relevant time scale ⌧s(k
2

?), or in logarithmic variables Ys(⇢),

at which the quenching parameter q̂ must be evaluated is the largest time allowed by the

saturation condition:

Ys(⇢) = Y , ⇢ = ⇢s(Y ) . (2.24)

The function Ys(⇢) is then the inverse function of ⇢s(Y ). Again, in the dilute regime, the

value of Y is fixed by the typical path length L of the hard parton inside the dense medium

[21],

Y = ln(L/⌧0) . (2.25)
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Figure 2. TMB distribution of a high energy gluon propagat-
ing though a dense medium of size L at tree-level (dash-dotted
line) and after resummation of the leading radiative correc-
tions (solid red).The dotted black line is the scaling limit when
L ! 1 and the blue curve is our analytic result given by
Eq. (16) including sub-asymptotic corrections (color online).

scaling limit with its deviation provided by the function
G for x ⇠

p
Y and H1(x) for all x up to powers of 1/Y 2,

our final result reads

q̂(Y, ⇢) = q̂0 e⇢s(Y )�Y exp
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✓
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◆
+ O

✓
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Y 2
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, (16)

with ⇢s(Y ) = cY + b ln(Y ) + const.
This solution is independent of the initial condition

(for physically relevant ones), and only depends on the
value of ↵̄s via the coefficients c, � and b. The resummed
TMB distribution displays a universal behavior inde-
pendent of the non-perturbative modeling of the tree-
level distribution often used as an initial condition for
non-linear small x evolution [44, 45]. It can therefore
provide a model-independent functional form for the
initial condition of the BK equation, that includes gluon
fluctuations enhanced by double logs, ↵̄s ln2

A
1/3, inside

the nucleus target to all orders.

SUPER-DIFFUSION AND MODIFICATION OF
RUTHERFORD SCATTERING

In this last section, we investigate the physical con-
sequences of the scaling solution (10) for q̂(k2

?) on
the TMB distribution given by Eq. (1), in particular at
large kT , where the distribution is characterized by rare
events that are sensitive to the point-like nature of the
medium scattering centers [46]. First, it is straightfor-
ward to see that in the large L limit, the TMB distri-

bution P(kT ) is only a function of kT /Qs(L). In Fig. 2,
we show the distribution as a function of kT /Qs(L) with
Y = ln(L/⌧0) = 4, for the following set-ups: (i) in dash-
dotted grey, at tree-level, using Eq. (2), (ii) after quan-
tum evolution obtain by numerically solving Eqs. (4) in
red, (iii) in blue, using the expression Eq. (16) that in-
cludes sub-asymptotic corrections to the scaling limit,
(iv) finally, in dashed black, the scaling limit Y ! 1

of Eq. (16). Interestingly, the sub-asymptotic corrections
account for the relatively large deviations between the
asymptotic curve and the exact numerical result at the
moderate value of L = 6 fm.

The kT distribution exhibits two different regimes: the
region of the peak, near Qs(L) and the large kT tail, with
kT � Qs(L). These results can be interpreted in term
of a special kind of random walk (here in momentum
space) called Lévy flight. Such a remarkable connection
with statistical physics enables us to highlight some in-
teresting features (i) self-similar dynamics (ii) super dif-
fusion (iii) power-law tail with slower decay than the
Rutherford k�4

? behavior.
In order to further the connection with the physics of

anomalous diffusion, consider the scaling limit of the
TMB distribution in the vicinity of the peak where the
shape of the distribution is controlled by the first line
in Eq. (10). Using this solution, one finds that S(x?) '

exp
h
�

1
4
CR
Nc

(|x?|Qs)2�4�
i
. In momentum space, it im-

plies that the distribution P(k?, L) satisfies a general-
ized Fokker-Planck equation, @P/@L / �(��)1�2�

P ,
where the so-called fractional Laplace operator (��)�/2

is defined by its Fourier transform |x?|
� [47, 48]. This

fractional diffusion equation (without external poten-
tial) is satisfied by the probability density for the po-
sition of a particle undergoing a Lévy flight process in
two dimension [49] with stability index � = 2 � 4� '

2 � 4
p
↵s + O(↵s).

Because of its heavy tail (to be discussed thereafter),
the mean k

2
T

of the TMB distribution is not defined.
Nevertheless, it is possible to introduce a measure of the
characteristic width of the kT distribution, and study
its behavior as a function of the medium size L. In
what follows, we shall use the median value hkT imed

of kTP(kT ) [50] which is shown in Fig. 3 for three dif-
ferent scenarios. In grey, we plot the tree-level result-
ing from Eq. (1) and (2). The median scales approxi-
mately like (L lnL)1/2, which up to the logarithmic fac-
tor resulting from the Coulomb logarithm in Eq. (2), ex-
hibits the standard diffusion scaling. The red line is
the median of the kT distribution obtained using the re-
summed value of q̂ with fixed coupling, after numerical
resolution of Eqs. (4). We then compare this result with
our analytic prediction (12) (assuming hkT imed / Qs

[51]), hkT imed / L

c
2
+ b

2
ln(Y )

Y , which is represented in blue
in Fig. 3 . Remarkably, the agreement is excellent down

• Non-local nature of quantum radiative 
corrections makes Coulomb/Molière 
tail less steep 
 

• Increased probability of large-
momentum scatterings from non-local 
quantum corrections
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FIG. 2: Examples of interference terms contributing to the LPM effect in (a) QED and (b) QCD.
For consistency with future figures, we have used blue for high-energy particles in the amplitude

and red for high-energy particles in the conjugate amplitude.

formation times

formation times

FIG. 3: Two consecutive splittings that are close enough that their formation times overlap. Each
formation time region is depicted by a green or blue, hatched oval.

convention throughout the rest of the paper: the collisions with the medium are implicit, and
the high-energy particle lines should be understood as decorated with numerous interactions
with the medium, as in fig. 2.

Our goal in this paper is to develop formalism for a full computation of the LPM effect
(to include the treatment of overlapping formation times) in the case of two consecutive
splittings, such as fig. 3. We will then implement this formalism to compute results for
double-splitting rates in QCD in certain simplifying limits, to include the multiple-scattering
approximation (also known as the q̂ or harmonic oscillator approximation), which is appro-
priate for typical events at high energy when the medium is much thicker than the mean
free path for collisions with the medium.

Previous authors [6–8] have performed explicit calculations for QCD to leading-log order
in the limit of y ! x ! 1, where x and y are the momentum fractions of two of the final
gluons. [That is, if the initial parton energy is E, the three daughters after the two split-
tings have energies xE, yE, and (1−x−y)E.] These results have interesting and important
consequences, which we will briefly mention later. Wu [8] has also developed formalism for
studying the somewhat more general case of x, y ! 1 without assuming y ! x, but so far

5
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• Latest news: universality holds not only for the double logs, but (with caveats) also 
for the accompanying single logs. Good news for their resummation!

Medium-induced radiation: quantum corrections

16

time

formation time

time

formation time

(a) (b)

* *

FIG. 2: Examples of interference terms contributing to the LPM effect in (a) QED and (b) QCD.
For consistency with future figures, we have used blue for high-energy particles in the amplitude

and red for high-energy particles in the conjugate amplitude.

formation times

formation times

FIG. 3: Two consecutive splittings that are close enough that their formation times overlap. Each
formation time region is depicted by a green or blue, hatched oval.

convention throughout the rest of the paper: the collisions with the medium are implicit, and
the high-energy particle lines should be understood as decorated with numerous interactions
with the medium, as in fig. 2.

Our goal in this paper is to develop formalism for a full computation of the LPM effect
(to include the treatment of overlapping formation times) in the case of two consecutive
splittings, such as fig. 3. We will then implement this formalism to compute results for
double-splitting rates in QCD in certain simplifying limits, to include the multiple-scattering
approximation (also known as the q̂ or harmonic oscillator approximation), which is appro-
priate for typical events at high energy when the medium is much thicker than the mean
free path for collisions with the medium.

Previous authors [6–8] have performed explicit calculations for QCD to leading-log order
in the limit of y ! x ! 1, where x and y are the momentum fractions of two of the final
gluons. [That is, if the initial parton energy is E, the three daughters after the two split-
tings have energies xE, yE, and (1−x−y)E.] These results have interesting and important
consequences, which we will briefly mention later. Wu [8] has also developed formalism for
studying the somewhat more general case of x, y ! 1 without assuming y ! x, but so far

5

Arnold Iqbal Gorda 2112.05161 Arnold JHEP2203 (2021)  
Poster by Iqbal later today



The kinetic theory approach

17



• Transverse momentum broadening and radiation are key ingredients in the effective 
kinetic theory of QCD, together with drag, longitudinal momentum broadening and 
conversions Arnold Moore Yaffe (2003)
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Fig. 1. Hard 2 $ 2 collision contributing the collision rate C2$2[µ]. Only hard lines which
enter or exit the boxed region are included in an e↵ective Boltzmann description.
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ways this divergence can be regulated. At leading and next-to-leading we find
it convenient16 to simply cuto↵ the transverse momentum exchange at small q?,
q? > µ. It is not di�cult to extract the logarithmic dependence on µ for µ ⌧

T . Indeed, let us consider for illustration a leading-log approximation to C2$2[µ]:
we expand the distribution function and matrix elements to second order in the
exchange momentum Q and arrive at a Fokker-Planck equation21–23 for fp

C2$2[µ] = êUV (µ) v
i
@fp

@pi
+

1

2
q̂
ij

UV (µ)
@
2
fp

@pi@pj
+O

✓
T

p

◆
+ µ-independent , (12){eq:twotwoexpand}

In writing this equation we have dropped terms suppressed by T/p. Here v̂ is a unit
vector in the direction of p, and the di↵usion tensor qijUV (µ) controls the longitudinal
and transverse momentum di↵usion,

q̂
ij

UV (µ) ⌘ q̂L,UV (µ)v̂
i
v̂
j +

1

2
q̂UV (µ)(�

ij
� v̂

i
v̂
j) . (13)

The values of these coe�cients are found from the expansion of Eq. (10), and for
pure gauge are at leading log

q̂UV (µ) =g
2
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m
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log

✓
T

µ

◆
, (14){uvqhat}
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◆
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Here the Debye mass is given by the integral over distribution functions

m
2

D
= 2g2CA

Z
d
3
p

(2⇡)3
np(1 + np)

T
=

1

3
g
2
CAT

2
, (16){eq:md}

and the asymptotic mass is given by a similar integral in Eq. (8). At this point
the interpretation of these thermodynamic integrals as the Debye and asymptotic
masses is premature. This interpretation will be clear from Sec. 3, which explains
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Fig. 2. Schematic Feynman diagram contributing to the leading order collinear bremsstrahlung
rate. Hard gluon lines are labeled by their three momentum (pz ,p?). The interactions with the
random classical background bath are illustrated by the gluon lines with crosses. Only hard lines
which enter or exit the boxed region are included in an e↵ective Boltzmann description.

locoll

equation as a local rate, it must be understood that the emission process can only
be localized to within a time scale set by the formation time of the radiation. The
inverse formation time will be defined as the energy di↵erence between the initial
and final states

(⌧form)
�1

⌘ �E(h, p,!) = (E! + Ep�!)� Ep . (32)

Using the dispersion relation for the hard particles this reads

�E(h, p,!) '
h
2

2p!(p� !)
+

m
2
1!

2!
+

m
2
1 p�!

2(p� !)
�

m
2
1 p

2p
, (33){defdeltaE}

wherem2
1,p

is the asymptotic mass of the particle with momentum p, as summarized
in Eq. (8). We have further defined

h ⌘ pq? . (34)

As seen from the figure and described below, h/p is a transverse momentum vector
which is conjugate to the (transverse) coordinate separation x? between the initial
and final states.

The bremsstrahlung rate Ccoll is determined by the rate of transverse momen-
tum kicks (of magnitude q?) which a hard particle experiences traversing the soft
classical fields:

CR(q?) ⌘ lim
p!1

(2⇡)2
d�R(p,p+ q?)

d2q?
. (35){defcq}

Here p is the momentum of the hard particle, which is large (p ! 1) relative to
the the typical momentum, ⇠ gT , of the background fields. The collision kernel
CR can be expressed as a Wilson loop in the (x+

, x?) plane evaluated in the clas-
sical background,12,32,33 as sketched in Fig. 3. To motivate the appropriate Wilson
loop we note that the average squared momentum transfer per unit time (i.e. q̂) is

✓
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+ v ·rx
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K K ′

P ′
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P P ′

K K ′

Figure 1. Typical diagrams contributing to 2 ↔ 2 processes at LO. Double lines represent
hard or thermal particles, which have at least one momentum component of the order of the
temperature or larger. Parallel double lines without arrows can be either gluons or quarks.
When particle identities need to be specified, quarks are identified by the fermion flow arrow
and gluons by the curly line. In all diagrams in the paper, time is understood to flow from left
to right.

g
P

Q

P −Q

Figure 2. A typical diagram contributing to 1 ↔ 2 processes at LO. The single curly line is a
soft gluon. The crosses represent the soft thermal scattering centers – see, for instance, ref. [20].

dence, which is local)

C2↔2
a [f ](p) =

1

4|p|νa

∑

bcd

∫

kp′k′

∣

∣

∣
Mab

cd(p,k;p
′,k′)

∣

∣

∣

2
(2π)4 δ(4)(P +K − P ′ −K ′)

×
{

fa(p) f b(k) [1±f c(p′)] [1±fd(k′)]

− f c(p′) fd(k′) [1±fa(p)] [1±f b(k)]
}

, (2.2)

and

– 6 –



• Transverse momentum broadening and radiation are key ingredients in the effective 
kinetic theory of QCD, together with drag, longitudinal momentum broadening and 
conversions Arnold Moore Yaffe (2003)

The kinetic theory approach

17

January 28, 2015 15:23 World Scientific Review Volume - 9.75in x 6.5in eloss

6 J. Ghiglieri and D. Teaney

p

p0

Q

k0

k

Fig. 1. Hard 2 $ 2 collision contributing the collision rate C2$2[µ]. Only hard lines which
enter or exit the boxed region are included in an e↵ective Boltzmann description.

hard2to2

ways this divergence can be regulated. At leading and next-to-leading we find
it convenient16 to simply cuto↵ the transverse momentum exchange at small q?,
q? > µ. It is not di�cult to extract the logarithmic dependence on µ for µ ⌧

T . Indeed, let us consider for illustration a leading-log approximation to C2$2[µ]:
we expand the distribution function and matrix elements to second order in the
exchange momentum Q and arrive at a Fokker-Planck equation21–23 for fp

C2$2[µ] = êUV (µ) v
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When particle identities need to be specified, quarks are identified by the fermion flow arrow
and gluons by the curly line. In all diagrams in the paper, time is understood to flow from left
to right.

g
P

Q

P −Q

Figure 2. A typical diagram contributing to 1 ↔ 2 processes at LO. The single curly line is a
soft gluon. The crosses represent the soft thermal scattering centers – see, for instance, ref. [20].

dence, which is local)

C2↔2
a [f ](p) =

1

4|p|νa

∑

bcd

∫

kp′k′

∣

∣

∣
Mab

cd(p,k;p
′,k′)

∣

∣

∣

2
(2π)4 δ(4)(P +K − P ′ −K ′)

×
{

fa(p) f b(k) [1±f c(p′)] [1±fd(k′)]

− f c(p′) fd(k′) [1±fa(p)] [1±f b(k)]
}

, (2.2)

and
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• Applications to jet physics:  
AMY kinetic theory for jet thermalisation: Schlichting Soudi JHEP2107 (2021), poster 
by Soudi Wednesday 
Factorised energy loss transport approach Dai Paquet Teaney Bass PRC105 (2022), 
poster by Dai Wednesday 
Ke Wang JHEP2105 (2021), talk by Ke Thursday 17:30



• How do these developments affect the kinetic description?

The kinetic theory approach

18

• Transverse momentum broadening and radiation are key ingredients in the effective 
kinetic theory of QCD, together with drag, longitudinal momentum broadening and 
conversions Arnold Moore Yaffe (2003)
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• From NLO corrections to broadening, radiation,  
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shear JG Moore Teaney (2018)
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• NLO large and completely dominated by  
NLO broadening 

• Important observation: are we severely  
underestimating broadening at LO (excess  
screening shown before) and thus overestimating 
               ?   Müller PRD104 (2021)

• Get as much non-perturbative input as possible!

• For a different way of merging pQCD and (4D)  
lattice see D. Bala’s poster Wednesday  
for the photon rate, L. Altenkort’s talk Wed 12:10 
for heavy-quark diffusion
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⌘ ⇠ 1/q̂



• Many applications of kinetic theory to thermalisation

• AMY at finite chemical potential and beam-energy dependence  
Schlichting Du PRL127, PRD104 (2021) Poster by X. Du Wednesday

• Critical exponents in bottom-up thermalisation  
Brewer Scheihing-Hitschfeld Yin 2203.02427, Mikheev Mazeliauskas Berges 
2203.02299, poster by Scheihing-Hitschfeld

• Attractors in kinetic theory talks by Plumari and Almalool Tuesday ~18

• …

• We can worry about similarly problematic perturbative expansions for applications 
of kinetic theory to thermalisation. Can we try to estimate the systematics of typical 
extrapolations to  αs=0.3 (g=2)?

The kinetic theory approach: thermalisation

21



• Recently, NLO corrections to isotropic thermalisation for overoccupied and 
underoccupied initial conditions Fu JG Iqbal Kurkela PRD105 (2022), talk by Fu Wed 9:20

The kinetic theory approach: thermalisation
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The e↵ective medium-induced collinear split-
ting/merging matrix element � is given by [10, 27]

�p

p0,k0(m,T⇤) =
�

32⇡4p

1 + x4 + (1� x)4

x3(1� x)3
Im(rb · F (0)),

(A4)
with the momentum fraction x = k/p and where F (b)
resums an arbitrary number of soft elastic scatterings in
the medium. It depends on two dimensionless variables

M̂ ⌘ 1� x+ x2, ⌘ ⌘
px(1� x)�T⇤

m2
g

, (A5)

where m2
g
= m2/2 is the LO mass for gluons with p � m.

Parametrically ⌘ is the ratio squared of the formation

time of the splitting process ⌧form ⇠
p
E/q̂ ⇠

q
x(1�x)p

�T⇤m2

and of the elastic scattering rate ⌧el ⇠ 1/�T⇤. F (b) is
the solution to this di↵erential equation [10, 22, 27]

�2irb�
2(b) =

i

2px(1� x)
(M̂m2

g
�r

2

b)F (b)

+
1

2

⇣
C(b) + C(xb) + C((1� x)b)

⌘
F (b),

(A6)

C(b) is the Fourier transform of the soft scattering rate,

C(b) =

Z
dq2?
(2⇡)2

(1� eib·q?)
d�(q?)

d2q?
. (A7)

In an isotropic medium it reads

C(b) =
�T⇤
2⇡

✓
K0(bm) + �E + log

✓
bm

2

◆◆
. (A8)

By rescaling b = b̃/mg and F = 2px(1 � x)/m2
g
F̃ , the

coe�cient of the second line fo Eq. (A6) becomes propor-
tional to ⌘. The method presented in [28] is then used
for the numerical solution.

2. Next-to-leading order kinetic theory

Let us start by discussing the corrections to Eq. (A4).
As shown in [22], its form remains valid at NLO, but
the LPM resummation in Eq. (A6) must include two
O(�T⇤/m) corrections. The dispersion relation gets
shifted to m2

gNLO = m2
g
+ �m2

g
and the soft scattering

kernel is modified in CNLO(b) = C(b) + �C(b). For an
isotropic state with an IR T⇤/p occupancy, the equilib-
rium results for �m2

g
[13] and �C(b) [12, 14] can be used

with the replacement T ! T⇤, mD ! m. The former
reads

�m2

g
= �

�T⇤m

2⇡
. (A9)

In our first implementation, i.e. scheme 1, we treat �m2
g

and �C(b) as perturbations to their LO counterparts.
Hence F is perturbed as FNLO = F + �F , and the lat-
ter is computed exactly as in App. E of [22].4 The re-
sulting �NLO = � + �� can become problematic when
extrapolated to large values of ⌘ and �T⇤/m. As per
its definition, large values of ⌘ correspond to formation
times larger than the mean free time for soft scatterings,
so that rarer, harder scatterings, which are not included
in the form (A8) of the scattering kernel, would have
a chance to occur. As shown in [18], for ⌘ & (T⇤/m)4

scatterings with q? ⇠ T⇤ would need to be included,
which is far from trivial in an o↵-equilibrium setting. At
LO one can however expect, as in equilibrium, that the
approximation introduced by extrapolating Eq. (A8) to
⌘ & (T⇤/m)4 amounts in an overestimate of � at the 10-
20% level. That happens because large value of ⌘ privi-
lege the small-b form of C(b), which at leading order is ap-
proximated by �T⇤m2b2 ln(1/bm), with a coe�cient that

4 b here corresponds to pb there, FNLO here corresponds to

p3(F0 + F1) there. �C(b) can be found in [14].
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where m2
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time of the splitting process ⌧form ⇠
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By rescaling b = b̃/mg and F = 2px(1 � x)/m2
g
F̃ , the

coe�cient of the second line fo Eq. (A6) becomes propor-
tional to ⌘. The method presented in [28] is then used
for the numerical solution.

2. Next-to-leading order kinetic theory

Let us start by discussing the corrections to Eq. (A4).
As shown in [22], its form remains valid at NLO, but
the LPM resummation in Eq. (A6) must include two
O(�T⇤/m) corrections. The dispersion relation gets
shifted to m2

gNLO = m2
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+ �m2
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and the soft scattering

kernel is modified in CNLO(b) = C(b) + �C(b). For an
isotropic state with an IR T⇤/p occupancy, the equilib-
rium results for �m2
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[13] and �C(b) [12, 14] can be used

with the replacement T ! T⇤, mD ! m. The former
reads
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In our first implementation, i.e. scheme 1, we treat �m2
g

and �C(b) as perturbations to their LO counterparts.
Hence F is perturbed as FNLO = F + �F , and the lat-
ter is computed exactly as in App. E of [22].4 The re-
sulting �NLO = � + �� can become problematic when
extrapolated to large values of ⌘ and �T⇤/m. As per
its definition, large values of ⌘ correspond to formation
times larger than the mean free time for soft scatterings,
so that rarer, harder scatterings, which are not included
in the form (A8) of the scattering kernel, would have
a chance to occur. As shown in [18], for ⌘ & (T⇤/m)4

scatterings with q? ⇠ T⇤ would need to be included,
which is far from trivial in an o↵-equilibrium setting. At
LO one can however expect, as in equilibrium, that the
approximation introduced by extrapolating Eq. (A8) to
⌘ & (T⇤/m)4 amounts in an overestimate of � at the 10-
20% level. That happens because large value of ⌘ privi-
lege the small-b form of C(b), which at leading order is ap-
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p3(F0 + F1) there. �C(b) can be found in [14].

Overoccupied

<latexit sha1_base64="5cqxa3ZWGoCrreyhr8Zj5/tWNmY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXosevEkFewHtGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8fXMbz9RpZkU92YSUz/CQ8FCRrCxUmv4ULntk36x5JbdOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeGlnzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9Wrl6Vy3Vr7I48nACp3AOHlxAHW6gAU0g8AjP8ApvjnRenHfnY9Gac7KZY/gD5/MHA7OOxg==</latexit>

g2Nc

Equilibration
time



• Recently, NLO corrections to isotropic thermalisation for overoccupied and 
underoccupied initial conditions Fu JG Iqbal Kurkela PRD105 (2022), talk by Fu Wed 9:20

The kinetic theory approach: thermalisation

22

5

FIG. 3.

The e↵ective medium-induced collinear split-
ting/merging matrix element � is given by [10, 27]

�p

p0,k0(m,T⇤) =
�

32⇡4p

1 + x4 + (1� x)4

x3(1� x)3
Im(rb · F (0)),

(A4)
with the momentum fraction x = k/p and where F (b)
resums an arbitrary number of soft elastic scatterings in
the medium. It depends on two dimensionless variables

M̂ ⌘ 1� x+ x2, ⌘ ⌘
px(1� x)�T⇤

m2
g

, (A5)

where m2
g
= m2/2 is the LO mass for gluons with p � m.

Parametrically ⌘ is the ratio squared of the formation

time of the splitting process ⌧form ⇠
p
E/q̂ ⇠

q
x(1�x)p

�T⇤m2

and of the elastic scattering rate ⌧el ⇠ 1/�T⇤. F (b) is
the solution to this di↵erential equation [10, 22, 27]

�2irb�
2(b) =

i

2px(1� x)
(M̂m2

g
�r

2

b)F (b)

+
1

2

⇣
C(b) + C(xb) + C((1� x)b)

⌘
F (b),

(A6)

C(b) is the Fourier transform of the soft scattering rate,

C(b) =

Z
dq2?
(2⇡)2

(1� eib·q?)
d�(q?)

d2q?
. (A7)

In an isotropic medium it reads

C(b) =
�T⇤
2⇡

✓
K0(bm) + �E + log

✓
bm

2

◆◆
. (A8)

By rescaling b = b̃/mg and F = 2px(1 � x)/m2
g
F̃ , the

coe�cient of the second line fo Eq. (A6) becomes propor-
tional to ⌘. The method presented in [28] is then used
for the numerical solution.

2. Next-to-leading order kinetic theory

Let us start by discussing the corrections to Eq. (A4).
As shown in [22], its form remains valid at NLO, but
the LPM resummation in Eq. (A6) must include two
O(�T⇤/m) corrections. The dispersion relation gets
shifted to m2

gNLO = m2
g
+ �m2

g
and the soft scattering

kernel is modified in CNLO(b) = C(b) + �C(b). For an
isotropic state with an IR T⇤/p occupancy, the equilib-
rium results for �m2

g
[13] and �C(b) [12, 14] can be used

with the replacement T ! T⇤, mD ! m. The former
reads

�m2

g
= �

�T⇤m

2⇡
. (A9)

In our first implementation, i.e. scheme 1, we treat �m2
g

and �C(b) as perturbations to their LO counterparts.
Hence F is perturbed as FNLO = F + �F , and the lat-
ter is computed exactly as in App. E of [22].4 The re-
sulting �NLO = � + �� can become problematic when
extrapolated to large values of ⌘ and �T⇤/m. As per
its definition, large values of ⌘ correspond to formation
times larger than the mean free time for soft scatterings,
so that rarer, harder scatterings, which are not included
in the form (A8) of the scattering kernel, would have
a chance to occur. As shown in [18], for ⌘ & (T⇤/m)4

scatterings with q? ⇠ T⇤ would need to be included,
which is far from trivial in an o↵-equilibrium setting. At
LO one can however expect, as in equilibrium, that the
approximation introduced by extrapolating Eq. (A8) to
⌘ & (T⇤/m)4 amounts in an overestimate of � at the 10-
20% level. That happens because large value of ⌘ privi-
lege the small-b form of C(b), which at leading order is ap-
proximated by �T⇤m2b2 ln(1/bm), with a coe�cient that

4 b here corresponds to pb there, FNLO here corresponds to

p3(F0 + F1) there. �C(b) can be found in [14].

Underoccupied

<latexit sha1_base64="5cqxa3ZWGoCrreyhr8Zj5/tWNmY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXosevEkFewHtGvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8fXMbz9RpZkU92YSUz/CQ8FCRrCxUmv4ULntk36x5JbdOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeGlnzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9Wrl6Vy3Vr7I48nACp3AOHlxAHW6gAU0g8AjP8ApvjnRenHfnY9Gac7KZY/gD5/MHA7OOxg==</latexit>

g2Nc

5

FIG. 3.

The e↵ective medium-induced collinear split-
ting/merging matrix element � is given by [10, 27]

�p

p0,k0(m,T⇤) =
�

32⇡4p

1 + x4 + (1� x)4

x3(1� x)3
Im(rb · F (0)),

(A4)
with the momentum fraction x = k/p and where F (b)
resums an arbitrary number of soft elastic scatterings in
the medium. It depends on two dimensionless variables

M̂ ⌘ 1� x+ x2, ⌘ ⌘
px(1� x)�T⇤

m2
g

, (A5)

where m2
g
= m2/2 is the LO mass for gluons with p � m.

Parametrically ⌘ is the ratio squared of the formation

time of the splitting process ⌧form ⇠
p
E/q̂ ⇠

q
x(1�x)p

�T⇤m2

and of the elastic scattering rate ⌧el ⇠ 1/�T⇤. F (b) is
the solution to this di↵erential equation [10, 22, 27]

�2irb�
2(b) =

i

2px(1� x)
(M̂m2

g
�r

2

b)F (b)

+
1

2

⇣
C(b) + C(xb) + C((1� x)b)

⌘
F (b),

(A6)

C(b) is the Fourier transform of the soft scattering rate,

C(b) =

Z
dq2?
(2⇡)2

(1� eib·q?)
d�(q?)

d2q?
. (A7)

In an isotropic medium it reads

C(b) =
�T⇤
2⇡

✓
K0(bm) + �E + log

✓
bm

2

◆◆
. (A8)

By rescaling b = b̃/mg and F = 2px(1 � x)/m2
g
F̃ , the

coe�cient of the second line fo Eq. (A6) becomes propor-
tional to ⌘. The method presented in [28] is then used
for the numerical solution.

2. Next-to-leading order kinetic theory

Let us start by discussing the corrections to Eq. (A4).
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so that rarer, harder scatterings, which are not included
in the form (A8) of the scattering kernel, would have
a chance to occur. As shown in [18], for ⌘ & (T⇤/m)4

scatterings with q? ⇠ T⇤ would need to be included,
which is far from trivial in an o↵-equilibrium setting. At
LO one can however expect, as in equilibrium, that the
approximation introduced by extrapolating Eq. (A8) to
⌘ & (T⇤/m)4 amounts in an overestimate of � at the 10-
20% level. That happens because large value of ⌘ privi-
lege the small-b form of C(b), which at leading order is ap-
proximated by �T⇤m2b2 ln(1/bm), with a coe�cient that

4 b here corresponds to pb there, FNLO here corresponds to

p3(F0 + F1) there. �C(b) can be found in [14].
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• Two different NLO schemes which resum differently higher-order effects: proxy for NNLO



• Robust behaviour but in this case no isotropizing effect of transverse momentum broadening

• Recently, NLO corrections to isotropic thermalisation for overoccupied and 
underoccupied initial conditions Fu JG Iqbal Kurkela PRD105 (2022), talk by Fu Wed 9:20

The kinetic theory approach: thermalisation
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FIG. 3.

The e↵ective medium-induced collinear split-
ting/merging matrix element � is given by [10, 27]

�p

p0,k0(m,T⇤) =
�

32⇡4p

1 + x4 + (1� x)4

x3(1� x)3
Im(rb · F (0)),

(A4)
with the momentum fraction x = k/p and where F (b)
resums an arbitrary number of soft elastic scatterings in
the medium. It depends on two dimensionless variables

M̂ ⌘ 1� x+ x2, ⌘ ⌘
px(1� x)�T⇤

m2
g

, (A5)

where m2
g
= m2/2 is the LO mass for gluons with p � m.

Parametrically ⌘ is the ratio squared of the formation

time of the splitting process ⌧form ⇠
p
E/q̂ ⇠

q
x(1�x)p

�T⇤m2

and of the elastic scattering rate ⌧el ⇠ 1/�T⇤. F (b) is
the solution to this di↵erential equation [10, 22, 27]

�2irb�
2(b) =

i

2px(1� x)
(M̂m2

g
�r

2

b)F (b)

+
1

2

⇣
C(b) + C(xb) + C((1� x)b)

⌘
F (b),

(A6)

C(b) is the Fourier transform of the soft scattering rate,

C(b) =

Z
dq2?
(2⇡)2

(1� eib·q?)
d�(q?)

d2q?
. (A7)

In an isotropic medium it reads

C(b) =
�T⇤
2⇡

✓
K0(bm) + �E + log

✓
bm

2

◆◆
. (A8)

By rescaling b = b̃/mg and F = 2px(1 � x)/m2
g
F̃ , the

coe�cient of the second line fo Eq. (A6) becomes propor-
tional to ⌘. The method presented in [28] is then used
for the numerical solution.

2. Next-to-leading order kinetic theory

Let us start by discussing the corrections to Eq. (A4).
As shown in [22], its form remains valid at NLO, but
the LPM resummation in Eq. (A6) must include two
O(�T⇤/m) corrections. The dispersion relation gets
shifted to m2

gNLO = m2
g
+ �m2

g
and the soft scattering

kernel is modified in CNLO(b) = C(b) + �C(b). For an
isotropic state with an IR T⇤/p occupancy, the equilib-
rium results for �m2

g
[13] and �C(b) [12, 14] can be used

with the replacement T ! T⇤, mD ! m. The former
reads

�m2

g
= �

�T⇤m

2⇡
. (A9)

In our first implementation, i.e. scheme 1, we treat �m2
g

and �C(b) as perturbations to their LO counterparts.
Hence F is perturbed as FNLO = F + �F , and the lat-
ter is computed exactly as in App. E of [22].4 The re-
sulting �NLO = � + �� can become problematic when
extrapolated to large values of ⌘ and �T⇤/m. As per
its definition, large values of ⌘ correspond to formation
times larger than the mean free time for soft scatterings,
so that rarer, harder scatterings, which are not included
in the form (A8) of the scattering kernel, would have
a chance to occur. As shown in [18], for ⌘ & (T⇤/m)4

scatterings with q? ⇠ T⇤ would need to be included,
which is far from trivial in an o↵-equilibrium setting. At
LO one can however expect, as in equilibrium, that the
approximation introduced by extrapolating Eq. (A8) to
⌘ & (T⇤/m)4 amounts in an overestimate of � at the 10-
20% level. That happens because large value of ⌘ privi-
lege the small-b form of C(b), which at leading order is ap-
proximated by �T⇤m2b2 ln(1/bm), with a coe�cient that

4 b here corresponds to pb there, FNLO here corresponds to

p3(F0 + F1) there. �C(b) can be found in [14].

Underoccupied
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FIG. 3.

The e↵ective medium-induced collinear split-
ting/merging matrix element � is given by [10, 27]

�p

p0,k0(m,T⇤) =
�

32⇡4p

1 + x4 + (1� x)4

x3(1� x)3
Im(rb · F (0)),

(A4)
with the momentum fraction x = k/p and where F (b)
resums an arbitrary number of soft elastic scatterings in
the medium. It depends on two dimensionless variables

M̂ ⌘ 1� x+ x2, ⌘ ⌘
px(1� x)�T⇤

m2
g

, (A5)

where m2
g
= m2/2 is the LO mass for gluons with p � m.

Parametrically ⌘ is the ratio squared of the formation

time of the splitting process ⌧form ⇠
p
E/q̂ ⇠

q
x(1�x)p

�T⇤m2

and of the elastic scattering rate ⌧el ⇠ 1/�T⇤. F (b) is
the solution to this di↵erential equation [10, 22, 27]

�2irb�
2(b) =

i

2px(1� x)
(M̂m2

g
�r

2

b)F (b)

+
1

2

⇣
C(b) + C(xb) + C((1� x)b)

⌘
F (b),

(A6)

C(b) is the Fourier transform of the soft scattering rate,

C(b) =

Z
dq2?
(2⇡)2

(1� eib·q?)
d�(q?)

d2q?
. (A7)

In an isotropic medium it reads

C(b) =
�T⇤
2⇡

✓
K0(bm) + �E + log

✓
bm

2

◆◆
. (A8)

By rescaling b = b̃/mg and F = 2px(1 � x)/m2
g
F̃ , the

coe�cient of the second line fo Eq. (A6) becomes propor-
tional to ⌘. The method presented in [28] is then used
for the numerical solution.

2. Next-to-leading order kinetic theory

Let us start by discussing the corrections to Eq. (A4).
As shown in [22], its form remains valid at NLO, but
the LPM resummation in Eq. (A6) must include two
O(�T⇤/m) corrections. The dispersion relation gets
shifted to m2

gNLO = m2
g
+ �m2

g
and the soft scattering

kernel is modified in CNLO(b) = C(b) + �C(b). For an
isotropic state with an IR T⇤/p occupancy, the equilib-
rium results for �m2

g
[13] and �C(b) [12, 14] can be used

with the replacement T ! T⇤, mD ! m. The former
reads

�m2

g
= �

�T⇤m

2⇡
. (A9)

In our first implementation, i.e. scheme 1, we treat �m2
g

and �C(b) as perturbations to their LO counterparts.
Hence F is perturbed as FNLO = F + �F , and the lat-
ter is computed exactly as in App. E of [22].4 The re-
sulting �NLO = � + �� can become problematic when
extrapolated to large values of ⌘ and �T⇤/m. As per
its definition, large values of ⌘ correspond to formation
times larger than the mean free time for soft scatterings,
so that rarer, harder scatterings, which are not included
in the form (A8) of the scattering kernel, would have
a chance to occur. As shown in [18], for ⌘ & (T⇤/m)4

scatterings with q? ⇠ T⇤ would need to be included,
which is far from trivial in an o↵-equilibrium setting. At
LO one can however expect, as in equilibrium, that the
approximation introduced by extrapolating Eq. (A8) to
⌘ & (T⇤/m)4 amounts in an overestimate of � at the 10-
20% level. That happens because large value of ⌘ privi-
lege the small-b form of C(b), which at leading order is ap-
proximated by �T⇤m2b2 ln(1/bm), with a coe�cient that

4 b here corresponds to pb there, FNLO here corresponds to

p3(F0 + F1) there. �C(b) can be found in [14].
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• Yet another (classical) complication arises in the IR in the case of anisotropies: 
plasma instabilities Mrowczynski, Romatschke Strickland, Arnold Lenaghan Moore 

• Recently, instability subtracted momentum broadening kernel, together with a recipe 
for dealing with the instabilities, was provided in Hauksson Jeon Gale PRC105 
(2022). Poster by Hauksson Wednesday also discusses anisotropy effects on jet 

• Anisotropy found to reduce the scattering kernel in the QGP phase. An important 
step towards a comprehensive kinetic treatment of anisotropic plasmas, work in 
progress

• Large&anisotropic transverse momentum broadening in the glasma, posters by 
Czajka and Schuh Wednesday, talk by Carrington Thursday 11:30

The kinetic theory approach: thermalisation

23



• Many recent improvements in the determination of transverse momentum 
broadening and medium-induced radiation in the QCD plasma are instrumental in 
better quantifying theory uncertainties and narrowing the gap between Lagrangians 
and phenomenology

• Improved approximations and numerical solutions for the radiation rates

• Non-perturbative determination of the broadening kernel

• Quantum corrections: anomalous diffusion and double splitting

• Improved understanding of the systematics of extrapolations to intermediate 
couplings for transport&thermalisation

• LOts and (N)LOts of progress, (N)LOts and (NN?)LOts and lat(tices) still to do
24

Conclusions



Extra slides
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Istropic thermalisation at NLO

26

AMY E↵ective Kinetic Theory at NLO

Ghiglieri,Moore,Teaney 1509.07773

O(g) corrections come from soft gluon:

• For 2 ! 2: soft gluon legs or soft gluon loops.

• For 1 $ 2:

� one-loop soft scatterings from the medium;

� wider-angle semi-collinear radiation.

We can construct collision operators that are equivalent up to NLO,
with ambiguities at NNLO. (A general property of kinetic theory resummations.)

• use di↵erent results arising from these collision operators and their

spread from LO to estimate of the uncertainty of NLO corrections.
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Istropic thermalisation at NLO

27

Slide from  
Y. Fu’s talk
Wed 9:20

Result: Evolution of underoccupied system

NLO qualitatively similar to LO:(LO: Kurkela,Lu 1405.6318)

• the hard particles lose energy through the radiational cascade

heating the soft thermal bath;

• the system thermalizes as the hard particles are quenched in

the thermal bath.
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Istropic thermalisation at NLO

28

Slide from  
Y. Fu’s talk
Wed 9:20

Result: Evolution of overoccupied system

NLO qualitatively similar to LO:(LO: Kurkela,Lu 1405.6318)

• self-similar direct energy cascade to UV.
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The photon rate and the 4D lattice
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D
e↵

from T � L correlator

Polynomial ansatz of the spectral function ⇢H(!, ~k) = 2(⇢T (!, ~k)� ⇢L(!, ~k)),
J. Ghiglieri, O. Kaczmarek, M. Laine, and F. Meyer, Phys. Rev. D 94, 016005.

For ! < !0

⇢Hfit =
�(!0)!

3

2!3
0

✓
5� 3

!2

!2
0

◆
� �(!0)!

3

2!2
0

✓
1� !2

!2
0

◆
+

 
�0

✓
!
!0

◆
+ �1

✓
!
!0

◆3
!✓

1� !2

!2
0

◆2

For ! > !0, NLO-LPM re-summed

spectral function has been used.

G. Jackson & M. Laine, J. High Energy. Phys. 2019, 144

� and � is determined from the

perturbative spectral function at !0.

The parameter �0 is determined in terms

of �1 to satisfy,

Z 1

0

d! ! ⇢H(!, ~k) = 0

M. Ce et al. Phys. Rev. D 102, 091501(R)

The !0 should be chosen deep into the

time-like region !0 =
p

k2 + (⇡T )2.

The lattice T � L correlator is

fitted with respect to �1 for

light quark at 1.5Tc in SU(3)

plasma.

Bala, Jackson, Kaczmarek (Poster).
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from T � L correlator
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Low-! part of the spectral function is estimated from lattice data.

E↵ective di↵usion coe�cient De↵ (k) =
⇢H (|~k|,~k)
2�q |~k|

calculated from these spectral

functions.

The statistical error on De↵ is much smaller than the systematic uncertainty which has

been obtained by varying !0 between
p

k2 + (⇡T )2 and
p

k2 + (2⇡T )2.

At smaller momentum the De↵ di↵ers from the perturbative estimate.
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The photon rate and the 4D lattice
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