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The SM: (n-1)/n full or 1/n empty?
• The SM seems to do quite well in 

collider experiments, no smoking 
mugs there yet

• However

• Neutrino oscillations (and 
masses) are unexplained in 
vanilla SM

• No mechanism for baryogenesis 
(more later) 

• No candidate for dark matter (5x 
more abundant than baryonic 
matter)



Right-handed neutrinos
• Minimal model: add n sterile (SM gauge singlet), 

Majorana neutrinos coupling to the three active lepton 
flavours and the (conjugate) Higgs field

• hIa (minimal) Yukawa coupling

• At T≪TEW=160 GeV: EW symmetry breaks

                       :  Dirac mass connects left- and right-handed 
spinors (European color coding, sorry USA friends)
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Figure 1: (a) Examples of 1+n ↔ 2+n processes for the direct generation of right-handed neutrinos

from a Yukawa interaction. (b) Examples of 1 + n ↔ 2 + n processes for the generation of left-

handed neutrinos which subsequently oscillate into right-handed ones. Arrowed, dashed, and wiggly

lines correspond to Standard Model fermions, scalars, and gauge bosons, respectively, whereas right-

handed neutrinos are denoted by a double line. The closed blob denotes a Higgs expectation value.
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Figure 2: (a) Examples of 2 → 2 processes for the direct generation of right-handed neutrinos from

a Yukawa interaction. (b) Examples of 2 → 2 processes for the generation of left-handed neutrinos

which subsequently oscillate into right-handed ones. The notation is as in fig. 1. The complete set for

case (a) is shown in fig. 1 of ref. [29] and for case (b) in fig. 7 below.

At lower temperatures, Higgs and gauge bosons become non-relativistic and need to be de-

coupled from the computation (the top quark becomes non-relativistic already at a somewhat

higher temperature).

In the regime of eq. (2.10), there are two types of contributions to ImΠR. First, the Higgs

field φ̃ in eq. (2.2) can represent a propagating mode (Goldstone or Higgs). This leads to the

same processes as have previously been considered in the symmetric phase [27,28]; examples

of 1 + n ↔ 2 + n processes are shown in fig. 1(a) and of 2 ↔ 2 processes in fig. 2(a). Second,

the Higgs field could be replaced by its expectation value, φ̃ ≃ (v 0)T /
√
2. Then we are left to

consider processes experienced by an active (left-handed) neutrino. Examples of amplitudes

are illustrated in figs. 1(b) and 2(b). We refer to first type as a “direct” contribution and to

the second as an “indirect” one.

When amplitudes such as those in figs. 1 and 2 are squared, there are no interference terms

between the direct and indirect sets, provided that we adopt a class of gauges (such as the

Rξ gauge) in which scalar and gauge fields do not transform to each other. Then the rate

can be written as

ImΠR = ImΠR|direct + ImΠR|indirect , (2.11)

where the “direct” processes are like in sets (a) of figs. 1 and 2. Like in the symmetric

phase [27, 28], the direct term has the parametric magnitude ImΠR|direct ∼ g2T 2 (recalling
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Seesaw
• Seesaw: when MD≪MI diagonalization yields

• n almost purely sterile states with masses ~MI

• 3 almost purely active states with masses given by the 
roots of the eigenvalues of MD(1/MI)MDT

• Gauge-invariant generation of a mass term for the left-
handed neutrinos Minkowski Gell-Mann Ramond Slansky Yanagida 
Glashow Mohapatra Senjanovic 
Possible also through scalar exchange Magg Wetterich Lazarides 
Shafi Mohapatra Senjanovic Schecter Valle

• In general mass and flavor bases do not coincide ⇒ 
oscillations 



Baryogenesis
• Need to satisfy Sakharov’s conditions

• B violation

• C and CP violation

• Deviations from thermal equilibrium



Baryogenesis
• Need to satisfy Sakharov’s conditions

• B violation

• C and CP violation

• Deviations from thermal equilibrium

• Feynman rules always conserve B, but sphaleron processes 
violate B (and conserve B-L)

• Non-perturbative solutions, in equilibrium at T>TEW, 
exponentially suppressed below. Decouple at T~130 GeV
D’Onofrio Rummukainen Tranberg PRL113 (2014)



Baryogenesis
• Need to satisfy Sakharov’s conditions

• B violation

• C and CP violation

• Deviations from thermal equilibrium

• The CKM phase violates CP

• No mechanism for a deviation from equilibrium. For mH=125 
GeV the electroweak transition is a crossover

• Electroweak baryogenesis not possible in vanilla SM



Leptogenesis
• Main idea: generate L first (BSM) and then let sphalerons 

turn it into B

• Sphalerons provide B

• Lepton-neutrino Yukawas provide CP

• Model-dependent mechanisms for equilibrium

• “Classic leptogenesis”: massive (M≫TEW) RHN
1) produced thermally T≳M (l!→N)
2) decay out of equilibrium (N→ l!) when T≪M (no 
inverse process) with CP violating phases, thus generating 
lepton imbalance
Fukugita Yanagida PLB174 (1986)



Leptogenesis
• Main idea: generate L first (BSM) and then let sphalerons 

turn it into B

• Sphalerons provide B

• Lepton-neutrino Yukawas provide CP

• Model-dependent mechanisms for equilibrium

• “ARS leptogenesis”:  GeV scale RHNs
1) produced thermally at T>TEW≫M conserving CP
2) oscillations of N and their CP violating mixings create LI 
for the I flavors, which can then be transformed into B in 
certain conditions
Akhmedov Rubakov Smirnov PRL81 (1998)



Leptogenesis

• Other scenario: 
νMSM. Two GeV 
RHNs for ARS 
leptogenesis, a keV 
one for dark matter
Asaka Blanchet 
Shaposhnikov PLB620, 
PLB631 (2005)

Many different parameter values can be envisaged.
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Dark matter
• A sterile neutrino can be a good DM candidate. No gauge 

interactions, sufficiently long lived.

• Why keV?

• Fermionic DM cannot be arbitrarily packed together. 
Inferred DM density cannot exceed degenerate Fermi gas 
phase space density (∝M4) ⇒ lower bound on the mass
Tremaine Gunn PRL42 (1979)

• Radiative decay N→νγ creates a 
monocromatic (X-ray) line. Decay width ∝M5. Non-
observation yields upper bound on the mass. Recent 
disputed hints of a 3.55 keV line observation 

Figure 17. Best fit model for the data sets used in the analysis (SDSS+HIRES+MIKE) shown as
green curves. We also show a WDM model that has the best fit values of the green model except for
the WDM (thermal relic) mass of 2 keV (red dashed curves). These data span about two orders of
magnitude in scale and the period 1.1-3.1 Gyrs after the Big Bang. From this plot is is apparent how
the WDM model does not fit the data at small scales and high redshift.
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Figure 18. Decay channels of the sterile neutrino N with the mass below twice the electron mass.
Left panel: dominant decay channel to three (anti)neutrinos. Right panel shows radiative decay
channel that allows to look for the signal of sterile neutrino DM in the spectra of DM dominated
objects.

panel). The decay width of this process is about 128 times smaller that the main into active
neutrinos ⌫a and photon with energy E = ms/2, with the width [321–323, 359, 563–565]
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Dark matter
• keV-scale RHN DM would not be Cold Dark Matter. If 

spectrum is thermal it would be Warm Dark Matter, if not 
more complicated spectra. Might solve some CDM 
discrepancies Lovell et al 1605.03179 1611.00005 1611.00010  

• Production would happen in the early universe from the 
mixing with active neutrinos. 

• In the absence of a lepton asymmetry at production time, 
thermal production proceeds non-resonantly. Strong 
tension with observational bounds 
Dodelson Widrow PRL72 (1994)

• If a lepton asymmetry is present, MSW-type resonant 
production Shi Fuller PRL82 (1999)



 

Theory overview



• Many theory approaches in the literature for right handed 
neutrino dynamics (production, leptogenesis, washout) in 
the early universe

• Boltzmann equations Giudice Notari Raidal Riotto Strumia...

• Closed-time path, Kadanoff-Baym equations Garny 
Kartavtsev Hohenegger Lindner Garbrecht Beneke Buchmüller 
Drewes Mendizabal Weniger...

• Operatorial approach Bödeker Laine Sangel Wormann...

• ...

• Review to appear soon Biondini et al... 1707.xxxxx

General approach



• Factor the system into “fast” and “slow” modes, and 
integrate out the former to obtain evolution eqs. for 
the latter

• For instance

•  for 130 GeV≲T≲105 GeV, all SM interactions are in 
thermal equilibrium

• O(GeV) RHNs have ~10-7 Yukawas: non-eq. 
ensemble

• Lepton (and baryon) densities also evolve slowly

General approach
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Textbook example: thermal production
• Assume an equilibrated hot bath (QGP, early universe) 

with its internal coupling g and a particle φ, weakly 
coupled (coupling h) to other d.o.f.s, so that φ is not in 
equilibrium

J built of bath operators

• With a simple derivation one obtains that the rate (per 
unit volume) is proportional to a thermal average of a JJ 
correlator

• The expression is LO in h but to all orders in g

L = L� + h�⇤J + h⇤J⇤�+ Lbath

d��

d3k
=

|h|2

2Ek
⇧<(k) =

|h|2

2Ek

Z
d4XeiK·XTr ⇢bathJ(0)J(x)



In this talk
• Computing reliably the lepton asymmetry in a specific 

scenario is usually challenging (CP violation, oscillations, 
plasma physics)

• On the other hand, establishing 

• the production rate of RHNs

•  whether an existing asymmetry gets washed out
allows to put constraints (or rule out) scenarios

• In this talk: the production and washout rates for GeV-
scale RHNs (ARS leptogenesis) and for keV scale DM 
RHNs in the resonant case



• By applying the slow-fast factorization to this case one 
can obtain coupled equations for the right-handed 
phase space distribution and the lepton asymmetry

• The equilibration and washout rates are related to the 
spectral function of the SM current 

• Detailed derivation and structure, accounting for 
helicity and flavor effects, in JG Laine JHEP1705 (2017)

General structure of the evolution equations
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• Three relevant scales: M, T and TEW~160 GeV

• For M~GeV #T≫M down to ~5 GeV

• Previous calculations in the symmetric phase for all 
kinematic ranges
M≫#T: Salvio Lodone Strumia (2011), Laine Schröder (2012), 
Biondini Brambilla Escobedo Vairo (2012), 
M≲#T: Garbrecht Glowna Herranen (2013), Laine (2013), Anisimov 
Besak Bödeker (2010-12), Ghisoiu Laine (2014) 

• In this talk #T≫M in the broken phase (new) and in the 
symmetric phase
JG Laine JCAP1607 (2016)

GeV-scale production and washout rates



The rates in detail

• RHN equilibration rate

Approach to equilibrium of the RHN phase space 
distribution (on-shell RHNs, EI=(k2+M2)1/2)
Bödeker Sangel Wörmann PRD93 (2015)
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• Washout rate for the lepton number for flavour a

Depends on the susceptibility
not diagonal because of charge neutrality constraints
Bödeker Laine JCAP05 (2014) 
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This relation applies to all orders in Standard Model couplings.

Normally, when referring to the right-handed neutrino “production rate”, it is assumed

that their number density is small, fIk ≪ nF. For this case eqs. (2.4) and (2.5) imply that

ṅI =
∑

a

∫

k

2nF(EI)|hIa|2 ImΠR(K)

EI

+O(h4, nI) . (2.7)

The same processes by which right-handed neutrinos equilibrate or are produced also violate

lepton densities carried by Standard Model particles. Because lepton numbers are violated,

their equilibrium values vanish. Close to equilibrium, the lepton densities evolve as

ṅa = −γab nb +O
[

na(nF − fIk), n
3
a

]

, (2.8)

where the matrix of decay coefficients, or “washout rates”, can be written as [18]

γab = −
∑

I

∫

k

2n′
F(EI)|hIa|2 ImΠR(K)

EI

Ξ−1
ab +O(h4) . (2.9)

Here Ξab = ∂na/∂µb|µb=0 ∼ T 2 is a susceptibility matrix related to lepton densities. It

was determined up to next-to-next-to-leading order (NNLO) in Standard Model couplings

at T >∼ 160 GeV in ref. [30], and leading-order results valid for T <∼ 160 GeV are given in

appendix A. We note that Ξ is non-diagonal, because the plasma as a whole is charge neutral,

so that changes in the number densities of different lepton flavours are correlated.

As is clear from eqs. (2.6), (2.7) and (2.9), the dynamical information that we need is

contained in the function ImΠR, obtained from eq. (2.3). We now turn to its determination.

In order to carry out a theoretically consistent computation, power-counting rules need to

be established for the various scales appearing in the problem. We denote by ht the renor-

malized top Yukawa coupling; by Nc ≡ 3 the number of colours; by g1, g2 the hypercharge

and weak gauge couplings; and by λ the Higgs self-coupling. The notation g2 refers generi-

cally to the couplings g21, g
2
2, h

2
t ,λ which are taken to be parametrically of the same order of

magnitude, and “small” in the sense that g2 ≪ π2.

Suppose that we are at a temperature T < 160 GeV so that, in gauge-fixed perturbation

theory, the neutral component of the Higgs field has an expectation value. The expectation

value is denoted by v; at T = 0, v ≃ 246 GeV. We mainly consider a regime in which v <∼T ,

even though the case mW
>∼πT , i.e. v >∼πT/g, is considered as well. For v <∼T vacuum masses

∼ gv are of the same order as thermal masses ∼ gT but much smaller than typical momenta

k ∼ πT . In other words, all particles can be considered to be ultrarelativistic. Based on

various numerical tests, this regime is numerically applicable in a rather broad temperature

range,

30GeV <∼ T <∼ 160GeV . (2.10)
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Computing ρ
• In the broken phase the Higgs e.v. v>0. We consider 

the parametric range T≳v, so that thermal masses 
(O(gT)) and Higgs mechanism masses (O(gv)) are of 
the same order. In practice

where g=(g1,g2,ht,λ1/2) (parametrically equivalent)

• In this region MI≲gT

• We also consider mW≳#T to cover the low-temperature 
region down to 5 GeV

This relation applies to all orders in Standard Model couplings.

Normally, when referring to the right-handed neutrino “production rate”, it is assumed
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∼ gv are of the same order as thermal masses ∼ gT but much smaller than typical momenta
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Figure 1: (a) Examples of 1+n ↔ 2+n processes for the direct generation of right-handed neutrinos

from a Yukawa interaction. (b) Examples of 1 + n ↔ 2 + n processes for the generation of left-

handed neutrinos which subsequently oscillate into right-handed ones. Arrowed, dashed, and wiggly

lines correspond to Standard Model fermions, scalars, and gauge bosons, respectively, whereas right-

handed neutrinos are denoted by a double line. The closed blob denotes a Higgs expectation value.
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Figure 2: (a) Examples of 2 → 2 processes for the direct generation of right-handed neutrinos from

a Yukawa interaction. (b) Examples of 2 → 2 processes for the generation of left-handed neutrinos

which subsequently oscillate into right-handed ones. The notation is as in fig. 1. The complete set for

case (a) is shown in fig. 1 of ref. [29] and for case (b) in fig. 7 below.

At lower temperatures, Higgs and gauge bosons become non-relativistic and need to be de-

coupled from the computation (the top quark becomes non-relativistic already at a somewhat

higher temperature).

In the regime of eq. (2.10), there are two types of contributions to ImΠR. First, the Higgs

field φ̃ in eq. (2.2) can represent a propagating mode (Goldstone or Higgs). This leads to the

same processes as have previously been considered in the symmetric phase [27,28]; examples

of 1 + n ↔ 2 + n processes are shown in fig. 1(a) and of 2 ↔ 2 processes in fig. 2(a). Second,

the Higgs field could be replaced by its expectation value, φ̃ ≃ (v 0)T /
√
2. Then we are left to

consider processes experienced by an active (left-handed) neutrino. Examples of amplitudes

are illustrated in figs. 1(b) and 2(b). We refer to first type as a “direct” contribution and to

the second as an “indirect” one.

When amplitudes such as those in figs. 1 and 2 are squared, there are no interference terms

between the direct and indirect sets, provided that we adopt a class of gauges (such as the

Rξ gauge) in which scalar and gauge fields do not transform to each other. Then the rate

can be written as

ImΠR = ImΠR|direct + ImΠR|indirect , (2.11)

where the “direct” processes are like in sets (a) of figs. 1 and 2. Like in the symmetric

phase [27, 28], the direct term has the parametric magnitude ImΠR|direct ∼ g2T 2 (recalling
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• The Higgs doublet can be a propagating d.o.f. (Higgs 
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In the regime of eq. (2.10), there are two types of contributions to ImΠR. First, the Higgs

field φ̃ in eq. (2.2) can represent a propagating mode (Goldstone or Higgs). This leads to the

same processes as have previously been considered in the symmetric phase [27,28]; examples
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the Higgs field could be replaced by its expectation value, φ̃ ≃ (v 0)T /
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2. Then we are left to

consider processes experienced by an active (left-handed) neutrino. Examples of amplitudes

are illustrated in figs. 1(b) and 2(b). We refer to first type as a “direct” contribution and to

the second as an “indirect” one.

When amplitudes such as those in figs. 1 and 2 are squared, there are no interference terms

between the direct and indirect sets, provided that we adopt a class of gauges (such as the

Rξ gauge) in which scalar and gauge fields do not transform to each other. Then the rate

can be written as

ImΠR = ImΠR|direct + ImΠR|indirect , (2.11)

where the “direct” processes are like in sets (a) of figs. 1 and 2. Like in the symmetric

phase [27, 28], the direct term has the parametric magnitude ImΠR|direct ∼ g2T 2 (recalling

5

(a) (b)

Figure 1: (a) Examples of 1+n ↔ 2+n processes for the direct generation of right-handed neutrinos

from a Yukawa interaction. (b) Examples of 1 + n ↔ 2 + n processes for the generation of left-

handed neutrinos which subsequently oscillate into right-handed ones. Arrowed, dashed, and wiggly

lines correspond to Standard Model fermions, scalars, and gauge bosons, respectively, whereas right-

handed neutrinos are denoted by a double line. The closed blob denotes a Higgs expectation value.

(a) (b)

Figure 2: (a) Examples of 2 → 2 processes for the direct generation of right-handed neutrinos from

a Yukawa interaction. (b) Examples of 2 → 2 processes for the generation of left-handed neutrinos

which subsequently oscillate into right-handed ones. The notation is as in fig. 1. The complete set for

case (a) is shown in fig. 1 of ref. [29] and for case (b) in fig. 7 below.

At lower temperatures, Higgs and gauge bosons become non-relativistic and need to be de-

coupled from the computation (the top quark becomes non-relativistic already at a somewhat

higher temperature).

In the regime of eq. (2.10), there are two types of contributions to ImΠR. First, the Higgs

field φ̃ in eq. (2.2) can represent a propagating mode (Goldstone or Higgs). This leads to the

same processes as have previously been considered in the symmetric phase [27,28]; examples

of 1 + n ↔ 2 + n processes are shown in fig. 1(a) and of 2 ↔ 2 processes in fig. 2(a). Second,

the Higgs field could be replaced by its expectation value, φ̃ ≃ (v 0)T /
√
2. Then we are left to

consider processes experienced by an active (left-handed) neutrino. Examples of amplitudes

are illustrated in figs. 1(b) and 2(b). We refer to first type as a “direct” contribution and to

the second as an “indirect” one.

When amplitudes such as those in figs. 1 and 2 are squared, there are no interference terms

between the direct and indirect sets, provided that we adopt a class of gauges (such as the

Rξ gauge) in which scalar and gauge fields do not transform to each other. Then the rate

can be written as

ImΠR = ImΠR|direct + ImΠR|indirect , (2.11)

where the “direct” processes are like in sets (a) of figs. 1 and 2. Like in the symmetric

phase [27, 28], the direct term has the parametric magnitude ImΠR|direct ∼ g2T 2 (recalling

5

• Only the sum is gauge invariant. Feynman Rξ gauge 
simplest

• Direct processes give ρ~g2T2. Indirect processes can 
have a near-resonant enhancement (hold on)

and others, and crossings and others, and crossings

and others, and crossingsand others, and crossings



Direct 1↔︎2 processes

• Since all masses are O(gT), tree level processes (if 
possible) are ~m2~g2T2 and collinear
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Symmetric phase LPM
• In the symmetric phase

• The functions f and g encode the resummed soft interactions 
through

where ml and mφ are the thermal masses of leptons and 
scalars and the soft interactions are (mEi screening masses)
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where ∇⊥ is a two-dimensional gradient operating in directions orthogonal to k, and the
thermal masses of hard particles (with k ≫ m) read
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where mH ≈ 125GeV is the physical Higgs mass. Soft gauge scatterings are represented by
a thermal width which reads
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where d1 ≡ 1, d2 ≡ 3, and K0 is a modified Bessel function. The Debye masses associated
with the hypercharge and SU(2) gauge fields are defined as
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Here nS ≡ 1 is the number of Higgs doublets and nG ≡ 3 the number of fermion generations.
The Debye masses appear frequently in the remainder of this paper. The Hamiltonian plays
a role in the inhomogeneous equations

(Ĥ + i0+) g(y) = δ(2)(y) , (Ĥ + i0+) f(y) = −∇⊥δ
(2)(y) . (3.5)

From the solutions of these equations, the LPM-resummed contribution to ImΠR reads
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3.2 LPM resummation in the broken phase

In the broken phase, the scalar sector splits up into Higgs and Goldstone modes. The
contribution of the Goldstone modes depends strongly on the gauge choice; at tree-level, it
is straightforward to verify that both the “direct” and “indirect” contributions are gauge-
dependent, but their sum is gauge-independent. Once LPM resummation is incorporated,
it is complicated to carry out computations in a general gauge, because this implies the
presence of many different masses and correspondingly a large matrix of gauge and scalar
states mixed by gauge interactions. In the following we restrict ourselves to the Feynman
Rξ gauge, which minimizes the number of different states and masses. In this gauge, the
Goldstone modes correspond to the physical W± and Z0 bosons, and we denote
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With non-degenerate scalar masses, the Green’s functions in eq. (3.5) split up into
several components, g0, . . . , g3, and similarly for f . The LPM-resummed 1 ↔ 2 contribution
can be expressed as a generalization of eq. (3.6),
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Ĥ ⌘ �M
2

2k0
+

m
2
l �r2

?
2!

+
m

2
� �r2

?
2(k0 � !)

� i�(y)

proofs JCAP_003P_0616

where ∇⊥ is a two-dimensional gradient operating in directions orthogonal to k, and the
thermal masses of hard particles (with k ≫ m) read

m2
ℓ =

(g21 + 3g22)T
2

16
, m2

φ = −
m2

H

2
+
(

g21 + 3g22 + 4h2t + 8λ
)T 2

16
, (3.2)

where mH ≈ 125GeV is the physical Higgs mass. Soft gauge scatterings are represented by
a thermal width which reads

Γ(y) =
T

8π

2
∑

i=1

di g
2
i

[

ln

(
mEiy

2

)

+ γE +K0
(

mEiy
)
]

, (3.3)

where d1 ≡ 1, d2 ≡ 3, and K0 is a modified Bessel function. The Debye masses associated
with the hypercharge and SU(2) gauge fields are defined as

m2
E1 ≡

(nS

6
+

5nG

9

)

g21T
2 , m2

E2 ≡
(2

3
+

nS

6
+

nG

3

)

g22T
2 . (3.4)

Here nS ≡ 1 is the number of Higgs doublets and nG ≡ 3 the number of fermion generations.
The Debye masses appear frequently in the remainder of this paper. The Hamiltonian plays
a role in the inhomogeneous equations
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The soft interactions

• All points at spacelike or lightlike separation, only 
preexisting correlations

• Soft contribution becomes Euclidean! Caron-Huot PRD79 
(2008)

• Can be “easily” computed in perturbation theory 

• Possible lattice QCD measurements Laine Rothkopf 
JHEP1307 (2013) Panero Rummukainen Schäfer PRL112 (2014)

y2 x2

x1y1

Figure 2.1: Static Wilson loop with edges y1 = (�TW /2, r/2), x1 = (TW /2, r/2), y2 =
(�TW /2,�r/2) and x2 = (TW /2,�r/2). Time direction is from left to right, thus the
quark trajectories are horizontal and the equal-time endpoint Wilson lines are vertical.

where P is the path-ordering operator and the integration contour ⇤ is represented in
Fig. 2.1. The Wilson loop vacuum amplitude can also be expressed as a path integral

hW⇤i =
Z
DADqDqe�iS(0)

TrP exp
⇢
�ig

I

⇤
dxµAa

µ(x)T a

�
(2.8)

where q and q are the light quark fields and S(0) is the Yang-Mills plus light-quark action
of QCD.
At zeroth order in the multipole expansion (2.3) and in the static limit the corresponding
pNRQCD Green function can be derived from the Lagrangian (1.37)

GpNRQCD = Z(0)

s (r)�3(x1 � y1)�3(x2 � y2)e�iTW V
(0)
s (r). (2.9)

We now need to single out the soft scale: exploiting the fact that this scale is much
greater than the ultrasoft scale E we can consider the large TW limit of the Wilson loop,
equivalent to the �E ! 0 limit. We thus have

i

TW
loghW⇤i = u0(r) + i

u1(r)
TW

+O
✓

1
T 2

W

◆
, (2.10)

and in the infinite-time limit the higher-order terms in the 1/TW expansion are sup-
pressed. We have also dropped terms that do not depend on r, such as self energies.
These terms can arise both in the perturbative and non-perturbative regions, but are
not relevant for the potential. The matching condition GNRQCD = GpNRQCD at the
matching scale µ (the two theories and their Green functions are of course in general
not equal; they are so only in the region where pNRQCD exists) then implies

(
V (0)

s (r) = u0(r)
log Z(0)

s (r) = u1(r)
(2.11)

So we see that the potential at this order of the multipole expansion is simply linked to
the vacuum expectation value of the Wilson loop by the relation

V (0)

s (r) = u0(r) = � lim
TW!1

1
iTW

loghW⇤i. (2.12)

22

Collinear case

Collinear ⇒ almost on-shell ⇒ large x separation

x− ≪ x⊥ ≪ x+
(1/T ≪ 1/gT ≪ 1/g2T )

Consider spacetime trajectory of q, q̄:

Jµ Jµ

x

x

Trajectory in

Trajectory in

M

M

Wilson Loop Controls
Gauge Interactions

Need x⊥-separated Wilson loop.

Spacetime picture pioneered by B. Zakharov, hep-ph/9607440,9807540

XQCD, Bern, 4 Aug. 2013: Seite 14 von 25
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Euclideanization of light-cone soft 
physics

• For t/xz =0: equal time Euclidean correlators.

Caron-Huot PRD79 (2009)

Grr(t = 0,x) =
PZ

p

GE(!n, p)e
ip·x
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• Consider the more general case 

Caron-Huot PRD79 (2009)

Grr(t = 0,x) =
PZ

p

GE(!n, p)e
ip·x

|t/xz| < 1

Grr(t,x) =

Z
dp0dpzd2p?e

i(pzxz+p?·x?�p0x0)

✓
1

2
+ nB(p

0)

◆
(GR(P )�GA(P ))



Euclideanization of light-cone soft 
physics

• For t/xz =0: equal time Euclidean correlators.

• Consider the more general case 

• Change variables to

Caron-Huot PRD79 (2009)

Grr(t = 0,x) =
PZ

p

GE(!n, p)e
ip·x

|t/xz| < 1

Grr(t,x) =

Z
dp0dpzd2p?e

i(pzxz+p?·x?�p0x0)

✓
1

2
+ nB(p

0)

◆
(GR(P )�GA(P ))

p̃z = pz � p0(t/xz)

Grr(t,x) =

Z
dp0dp̃zd2p?e

i(p̃zxz+p?·x?)

✓
1

2
+ nB(p

0)

◆
(GR(p

0,p?, p̃
z + (t/xz)p0)�GA)



Euclideanization of light-cone soft 
physics

• For t/xz =0: equal time Euclidean correlators.

• Consider the more general case 

• Change variables to

• Retarded functions are analytical in the upper plane in any 
timelike or lightlike variable => GR analytical in p0

Caron-Huot PRD79 (2009)

Grr(t = 0,x) =
PZ

p

GE(!n, p)e
ip·x

|t/xz| < 1

Grr(t,x) =

Z
dp0dpzd2p?e

i(pzxz+p?·x?�p0x0)

✓
1

2
+ nB(p

0)

◆
(GR(P )�GA(P ))

Grr(t,x) = T
X

n

Z
dpzd2p?e

i(pzxz+p?·x?)GE(!n, p?, p
z+i!nt/x

z)

p̃z = pz � p0(t/xz)

Grr(t,x) =

Z
dp0dp̃zd2p?e

i(p̃zxz+p?·x?)

✓
1

2
+ nB(p

0)

◆
(GR(p

0,p?, p̃
z + (t/xz)p0)�GA)



Euclideanization of light-cone soft 
physics

• For t/xz =0: equal time Euclidean correlators.

• Consider the more general case 

• Change variables to

• Retarded functions are analytical in the upper plane in any 
timelike or lightlike variable => GR analytical in p0

• Soft physics dominated by n=0 (and t-independent) 
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Euclideanization of light-cone soft 
physics

• At leading order

• Agrees with the earlier sum rule in Aurenche Gelis Zaraket 
JHEP0205 (2002)

• At NLO: Caron-Huot PRD79 (2009)
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Figure 2.1: Static Wilson loop with edges y1 = (�TW /2, r/2), x1 = (TW /2, r/2), y2 =
(�TW /2,�r/2) and x2 = (TW /2,�r/2). Time direction is from left to right, thus the
quark trajectories are horizontal and the equal-time endpoint Wilson lines are vertical.

where P is the path-ordering operator and the integration contour ⇤ is represented in
Fig. 2.1. The Wilson loop vacuum amplitude can also be expressed as a path integral

hW⇤i =
Z
DADqDqe�iS(0)

TrP exp
⇢
�ig

I

⇤
dxµAa

µ(x)T a

�
(2.8)

where q and q are the light quark fields and S(0) is the Yang-Mills plus light-quark action
of QCD.
At zeroth order in the multipole expansion (2.3) and in the static limit the corresponding
pNRQCD Green function can be derived from the Lagrangian (1.37)

GpNRQCD = Z(0)

s (r)�3(x1 � y1)�3(x2 � y2)e�iTW V
(0)
s (r). (2.9)

We now need to single out the soft scale: exploiting the fact that this scale is much
greater than the ultrasoft scale E we can consider the large TW limit of the Wilson loop,
equivalent to the �E ! 0 limit. We thus have

i

TW
loghW⇤i = u0(r) + i

u1(r)
TW

+O
✓

1
T 2

W

◆
, (2.10)

and in the infinite-time limit the higher-order terms in the 1/TW expansion are sup-
pressed. We have also dropped terms that do not depend on r, such as self energies.
These terms can arise both in the perturbative and non-perturbative regions, but are
not relevant for the potential. The matching condition GNRQCD = GpNRQCD at the
matching scale µ (the two theories and their Green functions are of course in general
not equal; they are so only in the region where pNRQCD exists) then implies

(
V (0)

s (r) = u0(r)
log Z(0)

s (r) = u1(r)
(2.11)

So we see that the potential at this order of the multipole expansion is simply linked to
the vacuum expectation value of the Wilson loop by the relation

V (0)

s (r) = u0(r) = � lim
TW!1

1
iTW

loghW⇤i. (2.12)
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Collinear case

Collinear ⇒ almost on-shell ⇒ large x separation

x− ≪ x⊥ ≪ x+
(1/T ≪ 1/gT ≪ 1/g2T )

Consider spacetime trajectory of q, q̄:

Jµ Jµ

x

x

Trajectory in

Trajectory in

M

M

Wilson Loop Controls
Gauge Interactions

Need x⊥-separated Wilson loop.

Spacetime picture pioneered by B. Zakharov, hep-ph/9607440,9807540

XQCD, Bern, 4 Aug. 2013: Seite 14 von 25

How reliable are LO Calculations?

Bad news 1: first corrections are O(g), not O(αs)

Soft gluons involved! Loop gives αs and Bose factor ∼ T/gT ∼ 1/g

And there are a lot of O(g) corrections!

(d)(c)(b)(a) (e) (f) (g)

LO requires using (a) as rung. NLO requires all!

Bad news 2: O(g) coefficient likely to be large!

NLO Not Computed! But similar computation for heavy quarks

indicate large O(g) NLO corrections. Similar to pressure at

O(g2), O(g3), possibly for similar reasons

BNL Photons: 5 December 2011: page 19 of 27
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• In the symmetric phase

• The functions f and g encode the resummed soft interactions 
through

where ml and mφ are the thermal masses of leptons and 
scalars and the soft interactions are (mEi screening masses)
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where ∇⊥ is a two-dimensional gradient operating in directions orthogonal to k, and the
thermal masses of hard particles (with k ≫ m) read

m2
ℓ =

(g21 + 3g22)T
2

16
, m2

φ = −
m2

H

2
+
(

g21 + 3g22 + 4h2t + 8λ
)T 2

16
, (3.2)

where mH ≈ 125GeV is the physical Higgs mass. Soft gauge scatterings are represented by
a thermal width which reads

Γ(y) =
T

8π

2
∑

i=1

di g
2
i

[

ln

(
mEiy

2

)

+ γE +K0
(

mEiy
)
]

, (3.3)

where d1 ≡ 1, d2 ≡ 3, and K0 is a modified Bessel function. The Debye masses associated
with the hypercharge and SU(2) gauge fields are defined as

m2
E1 ≡

(nS

6
+

5nG

9

)

g21T
2 , m2

E2 ≡
(2

3
+

nS

6
+

nG

3

)

g22T
2 . (3.4)

Here nS ≡ 1 is the number of Higgs doublets and nG ≡ 3 the number of fermion generations.
The Debye masses appear frequently in the remainder of this paper. The Hamiltonian plays
a role in the inhomogeneous equations

(Ĥ + i0+) g(y) = δ(2)(y) , (Ĥ + i0+) f(y) = −∇⊥δ
(2)(y) . (3.5)

From the solutions of these equations, the LPM-resummed contribution to ImΠR reads

ImΠLPM,symmetric
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. (3.6)

3.2 LPM resummation in the broken phase

In the broken phase, the scalar sector splits up into Higgs and Goldstone modes. The
contribution of the Goldstone modes depends strongly on the gauge choice; at tree-level, it
is straightforward to verify that both the “direct” and “indirect” contributions are gauge-
dependent, but their sum is gauge-independent. Once LPM resummation is incorporated,
it is complicated to carry out computations in a general gauge, because this implies the
presence of many different masses and correspondingly a large matrix of gauge and scalar
states mixed by gauge interactions. In the following we restrict ourselves to the Feynman
Rξ gauge, which minimizes the number of different states and masses. In this gauge, the
Goldstone modes correspond to the physical W± and Z0 bosons, and we denote

m2
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4
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4
. (3.7)

With non-degenerate scalar masses, the Green’s functions in eq. (3.5) split up into
several components, g0, . . . , g3, and similarly for f . The LPM-resummed 1 ↔ 2 contribution
can be expressed as a generalization of eq. (3.6),
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Broken phase LPM

• Broken electroweak symmetry implies

• Broken degeneracy of scalar masses

• Soft interactions become sensitive to “vacuum” 
masses and to the electromagnetic charges

⇒ Matrix structure between the νφ0 , νφ3 and eφ± states

proofs JCAP_003P_0616

whereas the difference in the bottom-right component takes the form

ΓZ′(0)− ΓZ′(y) =
(g21 + g22)T

8π

{

cos2(θ + θ̃)

[

K0(mZ̃y) + ln
mZ̃y

2
+ γE

]

+ sin2(θ + θ̃)

[

K0(mQ̃y) + ln
mQ̃y

2
+ γE

]

− cos2(2θ)

[

K0(mZy) + ln
mZy

2
+ γE

]}

. (3.26)

With the width determined, let us generalize the Hamiltonian of eq. (3.1) to contain a
diagonal mass matrix,

m2
φ → diag(m2

φ0
,m2

φ3
,m2

φ1
) . (3.27)

The Green’s functions g and f are generalized to 3-component vectors. With the 3× 3 width
Γ3×3, we can then solve eq. (3.5), and insert the result into eq. (3.8).

As a crosscheck, we note that in the symmetric phase, the parameters appearing in
eqs. (3.22)–(3.26) behave as mW → 0,mZ → 0, θ̃ → 0, mW̃ → mE2, mZ̃ → mE2, mQ̃ → mE1,
and Γ

Z′ → ΓZ . Moreover all the pairs νφ0, νφ3, eφ1 and eφ2 become degenerate, so we can
reduce the 3× 3 matrix into a single function,

Γ1×1 = lim
mW ,mZ→0

{

2
[

ΓW (0)− ΓW (y)
]

+ ΓZ(0)− ΓZ(y)
}

. (3.28)

Noting that limm→0[K0(my) + ln my
2 + γE] = 0, this agrees with eq. (3.3).

For a numerical solution, we make use of the general approach of ref. [33], adapted to
the problem at hand in ref. [29]. The idea is to express the solutions of the inhomogeneous
equations, eq. (3.5), in terms of the solutions of the homogeneous equation which are regular
at origin. Choosing the normalizations of the regular solutions as

urℓ,µ(ρ) = ρ1/2+|ℓ|
[

1 +O(ρ2)
]

, µ ∈ {0, 1, 2, 3} , (3.29)

where ρ ≡ mE2 y and ℓ is an angular quantum number, we find

ImΠLPM,broken
R =

1

4π2

∫ ∞

−∞
dω

[

1− nF(ω) + nB(k0 − ω)
]

×
3

∑

µ=0

∫ ∞

0
dρ

[
ωM2

4k20
Im

{
1

[ur0,µ(ρ)]
2

}

+
m2

E2

ω
Im

{
1

[ur1,µ(ρ)]
2

}]

. (3.30)

Here, as before, k0 ≡
√
k2 +M2 and the kinematic range M ≪ k is assumed. The numerical

solution is straightforward, with a result as illustrated in figure 3 (the solid lines at high
temperatures).3

3Numerics can be sped up by realizing that the off-diagonal elements in eq. (3.21) fall off exponentially
for y ≫ m−1

W ,m−1

W̃
,m−1

Z ,m−1

Z̃
,m−1

Q̃
. For large enough ρ one can then switch to three separate solvers for the

three independent ur
ℓ,µ(ρ). This is particularly advantageous for T <

∼ 60GeV, where a large tree-level term is
present, which requires integration to large values of ρ to reach the required accuracy.
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and the final result originates from the difference of the two contributions. Because of a sum
rule [31, 32], the result can most simply be expressed in terms of the static Matsubara zero-
mode sector (qn = 0) related to these gauge potentials. In the static limit the propagators
of temporal components can be expressed as in eqs. (3.15) and (3.16). We define the widths
related to W±, Z, and Z ′ exchanges as

ΓW (y) ≡
g22T

4

∫

q⊥

eiq⊥·y

[
1

q2⊥ +m2
W

−
1

q2⊥ +m2
W̃

]

, (3.17)

ΓZ(y) ≡
(g21 + g22)T

4

∫

q⊥

eiq⊥·y

[
1

q2⊥ +m2
Z

−
cos2(θ − θ̃)

q2⊥ +m2
Z̃

−
sin2(θ − θ̃)

q2⊥ +m2
Q̃

]

, (3.18)

ΓZ′(y) ≡
(g21 + g22)T

4

∫

q⊥

eiq⊥·y

[
cos2(2θ)

q2⊥+m2
Z

+
sin2(2θ)

q2⊥
−
cos2(θ + θ̃)

q2⊥+m2
Z̃

−
sin2(θ + θ̃)

q2⊥+m2
Q̃

]

, (3.19)

where
∫

q⊥
≡

∫ d2−2ϵq⊥

(2π)2−2ϵ and q⊥ ≡ |q⊥|. Dimensional regularization has been used for defining

the value of an infrared divergent integral in eq. (3.19), related to soft photon exchange,
even though this divergence soon drops out (cf. the discussion below eq. (3.21)). The full
width matrix, in the space of neutral and charged scalars and leptons that participate in the
production of right-handed neutrinos, ordered as νφ0, νφ3, eφ1, eφ2, reads

Γ4×4 =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

2ΓW (0) + ΓZ(0) −ΓZ(y) −ΓW (y) −ΓW (y)

−ΓZ(y) 2ΓW (0) + ΓZ(0) −ΓW (y) −ΓW (y)

−ΓW (y) −ΓW (y) 2ΓW (0) + Γ
Z′(0) −Γ

Z′(y)

−ΓW (y) −ΓW (y) −Γ
Z′(y) 2ΓW (0) + Γ

Z′(0)

⎞

⎟
⎟
⎟
⎟
⎟
⎠

. (3.20)

The arguments 0 and y correspond to self-energy and exchange contributions, respectively.
The combination 2ΓW (0) + ΓZ(0) corresponds to the active neutrino width or interaction
rate, re-derived in some more detail in section 5.5 (cf. eq. (5.33)).

Given that the pairs eφ1 and eφ2 are degenerate, we can choose one of them as a
representative. Then, the matrix in eq. (3.20) can be reduced into a 3× 3 form,

Γ3×3 =

⎛

⎜
⎜
⎝

2ΓW (0) + ΓZ(0) −ΓZ(y) −2ΓW (y)

−ΓZ(y) 2ΓW (0) + ΓZ(0) −2ΓW (y)

−ΓW (y) −ΓW (y) 2ΓW (0) + Γ
Z′(0)− Γ

Z′(y)

⎞

⎟
⎟
⎠

. (3.21)

A nice consequence of this reduction is that infrared divergences related to photon exchange
cancel in the combination Γ

Z′(0)− Γ
Z′(y). To be explicit,

ΓW (y) =
g22T

8π

[

K0(mWy)−K0(mW̃y)
]

, (3.22)

ΓW (0) =
g22T

8π
ln

mW̃

mW

, (3.23)

ΓZ(y) =
(g21 + g22)T

8π

[

K0(mZy)− cos2(θ − θ̃)K0(mZ̃y)− sin2(θ − θ̃)K0(mQ̃y)
]

, (3.24)

ΓZ(0) =
(g21 + g22)T

8π

[

cos2(θ − θ̃) ln
mZ̃

mZ

+ sin2(θ − θ̃) ln
mQ̃

mZ

]

, (3.25)
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For a numerical solution, we make use of the general approach of ref. [33], adapted to
the problem at hand in ref. [29]. The idea is to express the solutions of the inhomogeneous
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at origin. Choosing the normalizations of the regular solutions as

urℓ,µ(ρ) = ρ1/2+|ℓ|
[

1 +O(ρ2)
]

, µ ∈ {0, 1, 2, 3} , (3.29)

where ρ ≡ mE2 y and ℓ is an angular quantum number, we find

ImΠLPM,broken
R =

1

4π2

∫ ∞

−∞
dω

[

1− nF(ω) + nB(k0 − ω)
]

×
3

∑

µ=0

∫ ∞

0
dρ

[
ωM2

4k20
Im

{
1

[ur0,µ(ρ)]
2

}

+
m2

E2

ω
Im

{
1

[ur1,µ(ρ)]
2

}]

. (3.30)

Here, as before, k0 ≡
√
k2 +M2 and the kinematic range M ≪ k is assumed. The numerical

solution is straightforward, with a result as illustrated in figure 3 (the solid lines at high
temperatures).3

3Numerics can be sped up by realizing that the off-diagonal elements in eq. (3.21) fall off exponentially
for y ≫ m−1

W ,m−1

W̃
,m−1

Z ,m−1

Z̃
,m−1

Q̃
. For large enough ρ one can then switch to three separate solvers for the

three independent ur
ℓ,µ(ρ). This is particularly advantageous for T <

∼ 60GeV, where a large tree-level term is
present, which requires integration to large values of ρ to reach the required accuracy.
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and the final result originates from the difference of the two contributions. Because of a sum
rule [31, 32], the result can most simply be expressed in terms of the static Matsubara zero-
mode sector (qn = 0) related to these gauge potentials. In the static limit the propagators
of temporal components can be expressed as in eqs. (3.15) and (3.16). We define the widths
related to W±, Z, and Z ′ exchanges as

ΓW (y) ≡
g22T

4

∫

q⊥

eiq⊥·y

[
1

q2⊥ +m2
W

−
1

q2⊥ +m2
W̃

]

, (3.17)

ΓZ(y) ≡
(g21 + g22)T

4

∫

q⊥

eiq⊥·y

[
1

q2⊥ +m2
Z

−
cos2(θ − θ̃)

q2⊥ +m2
Z̃

−
sin2(θ − θ̃)

q2⊥ +m2
Q̃

]

, (3.18)

ΓZ′(y) ≡
(g21 + g22)T

4

∫

q⊥

eiq⊥·y

[
cos2(2θ)

q2⊥+m2
Z

+
sin2(2θ)

q2⊥
−
cos2(θ + θ̃)

q2⊥+m2
Z̃

−
sin2(θ + θ̃)

q2⊥+m2
Q̃

]

, (3.19)

where
∫

q⊥
≡

∫ d2−2ϵq⊥

(2π)2−2ϵ and q⊥ ≡ |q⊥|. Dimensional regularization has been used for defining

the value of an infrared divergent integral in eq. (3.19), related to soft photon exchange,
even though this divergence soon drops out (cf. the discussion below eq. (3.21)). The full
width matrix, in the space of neutral and charged scalars and leptons that participate in the
production of right-handed neutrinos, ordered as νφ0, νφ3, eφ1, eφ2, reads

Γ4×4 =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

2ΓW (0) + ΓZ(0) −ΓZ(y) −ΓW (y) −ΓW (y)

−ΓZ(y) 2ΓW (0) + ΓZ(0) −ΓW (y) −ΓW (y)

−ΓW (y) −ΓW (y) 2ΓW (0) + Γ
Z′(0) −Γ

Z′(y)

−ΓW (y) −ΓW (y) −Γ
Z′(y) 2ΓW (0) + Γ

Z′(0)

⎞

⎟
⎟
⎟
⎟
⎟
⎠

. (3.20)

The arguments 0 and y correspond to self-energy and exchange contributions, respectively.
The combination 2ΓW (0) + ΓZ(0) corresponds to the active neutrino width or interaction
rate, re-derived in some more detail in section 5.5 (cf. eq. (5.33)).

Given that the pairs eφ1 and eφ2 are degenerate, we can choose one of them as a
representative. Then, the matrix in eq. (3.20) can be reduced into a 3× 3 form,

Γ3×3 =

⎛

⎜
⎜
⎝

2ΓW (0) + ΓZ(0) −ΓZ(y) −2ΓW (y)

−ΓZ(y) 2ΓW (0) + ΓZ(0) −2ΓW (y)

−ΓW (y) −ΓW (y) 2ΓW (0) + Γ
Z′(0)− Γ

Z′(y)

⎞

⎟
⎟
⎠

. (3.21)

A nice consequence of this reduction is that infrared divergences related to photon exchange
cancel in the combination Γ

Z′(0)− Γ
Z′(y). To be explicit,

ΓW (y) =
g22T

8π

[

K0(mWy)−K0(mW̃y)
]

, (3.22)

ΓW (0) =
g22T

8π
ln

mW̃

mW

, (3.23)

ΓZ(y) =
(g21 + g22)T

8π

[

K0(mZy)− cos2(θ − θ̃)K0(mZ̃y)− sin2(θ − θ̃)K0(mQ̃y)
]

, (3.24)

ΓZ(0) =
(g21 + g22)T

8π

[

cos2(θ − θ̃) ln
mZ̃

mZ

+ sin2(θ − θ̃) ln
mQ̃

mZ

]

, (3.25)
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Direct 1↔︎2 processes
• Red: tree level processes 

with collinear (m≪T) 
approx. Unphysical 
growth at low T

• Blue: full tree level with 
ml=0, proper mφ, accurate 
at low T

• Black: full solution of the 
LPM equations at high T, 
manually switched to blue 
at low T. Final 1↔︎2 result
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Figure 3. The direct 1 + n ↔ 2 + n contribution to ImΠR/T
2. Shown are the Born result with

collinear kinematics and thermal masses (“ultrarel. 1 ↔ 2”), the naive Born result (“Born 1 ↔ 2”,
cf. eq. (3.31)), as well as the LPM result going over to the Born result at low T (“total 1 + n ↔
2 + n”). The naive Born rate includes no (chirally invariant) thermal lepton mass [37] and therefore
becomes too large in the regime where m

ℓ
is substantial. Left: fixed k = 3T and masses M/GeV ∈

{0.5, 1, 2, 4, 8, 16}. Right: fixed M = 2GeV and momenta k/T ∈ {1, 2, 3, 6, 9}.

3.3 Limit of low temperatures

Once we go deep in the broken phase, the masses mφµ
defined in eq. (3.7) eventually become

large, m2
φµ
/k0 ≫ g2T/(8π). Then Γ3×3 represents a small correction compared with the mass

terms in eq. (3.5), and can be omitted. However, the collinear approximation m2
φµ
/k0 ≪

k0 that is employed in the formalism of the LPM resummation also breaks down in the
same regime. In this situation the rate is given just by the 1 ↔ 2 processes, without any
resummation nor kinematic approximation. The hard thermal lepton mass mℓ can also be
omitted at low temperatures. Then the result can be given in a closed form,

ImΠBorn
R =

3
∑

µ=0

F(mφµ
) , (3.31)

F(m) ≡
(M2 −m2)T

32πk
ln

⎧

⎨

⎩

sinh
[
k++m2/(4k+)

2T

]

cosh
[
k+−m2/(4k−)

2T

]

sinh
[
k−+m2/(4k−)

2T

]

cosh
[
k−−m2/(4k+)

2T

]

⎫

⎬

⎭
, (3.32)

where we have defined

k± ≡
k0 ± k

2
. (3.33)

Actually, M ≪ mφµ
so that eq. (3.32) could be simplified by setting M → 0 (cf. eq. (5.15)).

In our numerical solution we switch from the LPM resummed result of eq. (3.30) to the Born
term of eq. (3.31) when the two results cross at low T , cf. figure 3.
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Direct 2↔︎2 processes

• As long as all external state masses are O(gT) or O(gv) they 
can be neglected at leading order (O(g2T2)). Hence, no 
change with respect to the symmetric phase evaluation in 
Besak Bödeker JCAP03 (2012)

• At low T<mW initial state bosons (scalar or gauge) are very 
massive. We switch off the rate at low T by multiplying it for 
the W boson susceptibility

• The formally leading-order contribution at low T is scalar-
mediated scatterings off b quarks. We find it is however 
negligible

(a) (b)

Figure 1: (a) Examples of 1+n ↔ 2+n processes for the direct generation of right-handed neutrinos

from a Yukawa interaction. (b) Examples of 1 + n ↔ 2 + n processes for the generation of left-

handed neutrinos which subsequently oscillate into right-handed ones. Arrowed, dashed, and wiggly

lines correspond to Standard Model fermions, scalars, and gauge bosons, respectively, whereas right-

handed neutrinos are denoted by a double line. The closed blob denotes a Higgs expectation value.

(a) (b)

Figure 2: (a) Examples of 2 → 2 processes for the direct generation of right-handed neutrinos from

a Yukawa interaction. (b) Examples of 2 → 2 processes for the generation of left-handed neutrinos

which subsequently oscillate into right-handed ones. The notation is as in fig. 1. The complete set for

case (a) is shown in fig. 1 of ref. [29] and for case (b) in fig. 7 below.

At lower temperatures, Higgs and gauge bosons become non-relativistic and need to be de-

coupled from the computation (the top quark becomes non-relativistic already at a somewhat

higher temperature).

In the regime of eq. (2.10), there are two types of contributions to ImΠR. First, the Higgs

field φ̃ in eq. (2.2) can represent a propagating mode (Goldstone or Higgs). This leads to the

same processes as have previously been considered in the symmetric phase [27,28]; examples

of 1 + n ↔ 2 + n processes are shown in fig. 1(a) and of 2 ↔ 2 processes in fig. 2(a). Second,

the Higgs field could be replaced by its expectation value, φ̃ ≃ (v 0)T /
√
2. Then we are left to

consider processes experienced by an active (left-handed) neutrino. Examples of amplitudes

are illustrated in figs. 1(b) and 2(b). We refer to first type as a “direct” contribution and to

the second as an “indirect” one.

When amplitudes such as those in figs. 1 and 2 are squared, there are no interference terms

between the direct and indirect sets, provided that we adopt a class of gauges (such as the

Rξ gauge) in which scalar and gauge fields do not transform to each other. Then the rate

can be written as

ImΠR = ImΠR|direct + ImΠR|indirect , (2.11)

where the “direct” processes are like in sets (a) of figs. 1 and 2. Like in the symmetric

phase [27, 28], the direct term has the parametric magnitude ImΠR|direct ∼ g2T 2 (recalling

5

Z

ph. space
f(p)f(p0)(1± f(k0))|M|2�4(P + P 0 �K �K 0)

• Phase space convolution of statistical functions and matrix 
elements. HTL resummation needed for soft fermion 
exchange. Analiticity arguments lead to a simple form for 
the soft part of the result Besak Bödeker JCAP03 (2012) JG Hong 
Lu Kurkela Moore Teaney JHEP05 (2013)
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field φ̃ in eq. (2.2) can represent a propagating mode (Goldstone or Higgs). This leads to the
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Rξ gauge) in which scalar and gauge fields do not transform to each other. Then the rate
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Direct 2↔︎2 processes

• Besak-Bödeker rate 
times the W boson 
susceptibility

• Scalar-mediated 
scatterings off b quarks 
in the Fermi limit
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field φ̃ in eq. (2.2) can represent a propagating mode (Goldstone or Higgs). This leads to the

same processes as have previously been considered in the symmetric phase [27,28]; examples

of 1 + n ↔ 2 + n processes are shown in fig. 1(a) and of 2 ↔ 2 processes in fig. 2(a). Second,

the Higgs field could be replaced by its expectation value, φ̃ ≃ (v 0)T /
√
2. Then we are left to

consider processes experienced by an active (left-handed) neutrino. Examples of amplitudes

are illustrated in figs. 1(b) and 2(b). We refer to first type as a “direct” contribution and to

the second as an “indirect” one.

When amplitudes such as those in figs. 1 and 2 are squared, there are no interference terms

between the direct and indirect sets, provided that we adopt a class of gauges (such as the

Rξ gauge) in which scalar and gauge fields do not transform to each other. Then the rate
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Figure 4. The direct 2 → 2 contribution to ImΠR/T
2. Shown are the result from 2 ↔ 2 scatterings

treated in the ultrarelativistic approximation (“ultrarel. 1 ↔ 2”, cf. eq. (4.23)), switched off at low
T as indicated at the end of section 4.2, and the leading low-T contribution (“Fermi 2 ↔ 2”, cf.
eq. (4.24)). The latter is only of academic interest, because it is vanishingly small in its range of
applicability, T <∼ 30GeV. Left: fixed k = 3T and masses M/GeV ∈ {0.5, 1, 2, 4, 8, 16}. Right: fixed
M = 2GeV.

where we employed a sum rule derived in ref. [28].4 Putting everything together, we obtain

ImΠR|direct, 2 → 2 = ImΠR|
hard
direct, 2 → 2 − ImΠR|

HTL, expanded
direct, 2 → 2 + ImΠR|

HTL, soft
direct, 2 → 2

=
1

(4π)3k0

∫ ∞

k0

dq+

∫ k0

0
dq−

{
[

nB(q0) + nF(q0 − k0)
]

Φs1

+
[

nF(q0) + nB(q0 − k0)
]

Φs2

}

+
1

(4π)3k0

∫ k0

0
dq+

∫ 0

−∞
dq−

{
[

1− nF(q0) + nB(k0 − q0)
]

Φt2

−
[

nB(k0) +
1

2

]

(g21 + 3g22)
k0π2T 2

q2

}

+
m2

ℓ

4π

[

nB(k0) +
1

2

]

ln

(
2k0
mℓ

)

+ O
(
m4

ℓ

k20

)

. (4.23)

This expression is IR finite and agrees with ref. [28]. Parametrically, ImΠR|direct ∼ g2T 2. A
numerical evaluation is shown in figure 4 with a dashed line (“ultrarel. 2 ↔ 2”).

4.2 Limit of low temperatures

All the 2 ↔ 2 scattering reactions depicted in figure 2(a), leading to eqs. (4.2)–(4.4), involve
a particle in the initial state whose contribution becomes exponentially suppressed when

4Within O
(

m4
ℓ/k

2
0

)

accuracy the argument of the logarithm can be simplified, cf. eq. (4.23). If however
the result is evaluated numerically for small k <∼ gT where it is not leading-order correct but represents an
extrapolation, it is advantageous to employ eq. (4.22) in order to avoid spurious negative expressions. We
have adopted this recipe for our numerics.
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Indirect processes

• In the indirect case ρ is directly proportional to the spf of 
active neutrinos, i.e.

• Real part of the active neutrino self- energy 

• At high T 

• At low T  (positive) matter potential

• (Broad) resonance 
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Figure 1: (a) Examples of 1+n ↔ 2+n processes for the direct generation of right-handed neutrinos

from a Yukawa interaction. (b) Examples of 1 + n ↔ 2 + n processes for the generation of left-

handed neutrinos which subsequently oscillate into right-handed ones. Arrowed, dashed, and wiggly

lines correspond to Standard Model fermions, scalars, and gauge bosons, respectively, whereas right-

handed neutrinos are denoted by a double line. The closed blob denotes a Higgs expectation value.
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Figure 2: (a) Examples of 2 → 2 processes for the direct generation of right-handed neutrinos from

a Yukawa interaction. (b) Examples of 2 → 2 processes for the generation of left-handed neutrinos

which subsequently oscillate into right-handed ones. The notation is as in fig. 1. The complete set for

case (a) is shown in fig. 1 of ref. [29] and for case (b) in fig. 7 below.

At lower temperatures, Higgs and gauge bosons become non-relativistic and need to be de-

coupled from the computation (the top quark becomes non-relativistic already at a somewhat

higher temperature).

In the regime of eq. (2.10), there are two types of contributions to ImΠR. First, the Higgs

field φ̃ in eq. (2.2) can represent a propagating mode (Goldstone or Higgs). This leads to the

same processes as have previously been considered in the symmetric phase [27,28]; examples

of 1 + n ↔ 2 + n processes are shown in fig. 1(a) and of 2 ↔ 2 processes in fig. 2(a). Second,

the Higgs field could be replaced by its expectation value, φ̃ ≃ (v 0)T /
√
2. Then we are left to

consider processes experienced by an active (left-handed) neutrino. Examples of amplitudes

are illustrated in figs. 1(b) and 2(b). We refer to first type as a “direct” contribution and to

the second as an “indirect” one.

When amplitudes such as those in figs. 1 and 2 are squared, there are no interference terms

between the direct and indirect sets, provided that we adopt a class of gauges (such as the

Rξ gauge) in which scalar and gauge fields do not transform to each other. Then the rate

can be written as

ImΠR = ImΠR|direct + ImΠR|indirect , (2.11)

where the “direct” processes are like in sets (a) of figs. 1 and 2. Like in the symmetric

phase [27, 28], the direct term has the parametric magnitude ImΠR|direct ∼ g2T 2 (recalling
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handed neutrinos which subsequently oscillate into right-handed ones. Arrowed, dashed, and wiggly

lines correspond to Standard Model fermions, scalars, and gauge bosons, respectively, whereas right-

handed neutrinos are denoted by a double line. The closed blob denotes a Higgs expectation value.
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Figure 2: (a) Examples of 2 → 2 processes for the direct generation of right-handed neutrinos from

a Yukawa interaction. (b) Examples of 2 → 2 processes for the generation of left-handed neutrinos

which subsequently oscillate into right-handed ones. The notation is as in fig. 1. The complete set for

case (a) is shown in fig. 1 of ref. [29] and for case (b) in fig. 7 below.

At lower temperatures, Higgs and gauge bosons become non-relativistic and need to be de-

coupled from the computation (the top quark becomes non-relativistic already at a somewhat

higher temperature).

In the regime of eq. (2.10), there are two types of contributions to ImΠR. First, the Higgs

field φ̃ in eq. (2.2) can represent a propagating mode (Goldstone or Higgs). This leads to the

same processes as have previously been considered in the symmetric phase [27,28]; examples

of 1 + n ↔ 2 + n processes are shown in fig. 1(a) and of 2 ↔ 2 processes in fig. 2(a). Second,

the Higgs field could be replaced by its expectation value, φ̃ ≃ (v 0)T /
√
2. Then we are left to

consider processes experienced by an active (left-handed) neutrino. Examples of amplitudes

are illustrated in figs. 1(b) and 2(b). We refer to first type as a “direct” contribution and to

the second as an “indirect” one.

When amplitudes such as those in figs. 1 and 2 are squared, there are no interference terms

between the direct and indirect sets, provided that we adopt a class of gauges (such as the

Rξ gauge) in which scalar and gauge fields do not transform to each other. Then the rate

can be written as
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where the “direct” processes are like in sets (a) of figs. 1 and 2. Like in the symmetric

phase [27, 28], the direct term has the parametric magnitude ImΠR|direct ∼ g2T 2 (recalling
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Figure 5. Quantities characterizing the active neutrino propagator, eq. (5.4). Left: the real part of
the active neutrino self-energy, or “finite-temperature matter potential”, 2K·ReΣ/T 2, from eq. (5.9).
The high-temperature limit is given by eq. (5.6), and the low-temperature limit corresponds to the
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crossing of the two curves implies a “resonant” conversion from active to sterile neutrinos, however
the resonance is parametrically fairly broad because of a large width k0Γ, cf. eq. (2.13) and figure 6.

At low temperatures, when mW
>∼ k0 ∼ πT , there is no need for resummation, cf. sec-

tion 3.3.9 Then the relevant 1 ↔ 2 processes are the decays of the W± and Z0 gauge bosons.
We can write a Born rate like in eq. (3.31),

k0 Γ
Born = (g21 + g22)F(mZ) + 2g22 F(mW ) , (5.14)

where F is from eq. (3.32). It is appropriate to remark that Γ is gauge independent only
on the mass-shell of active neutrinos, i.e. M → 0, in accordance with eq. (5.8). Thereby
we obtain

F(m)
M→0−→

m2T

32πk
ln

{

1 + e−
m2

4kT

1− e−
1
T
(k+m2

4k )

}

. (5.15)

The contribution of eq. (5.14) in this limit is illustrated in figure 6 (“Born 1 ↔ 2”), and it
represents the dominant process for T <∼ 30GeV.

5.4 Interaction rate from 2 ↔ 2 scatterings with hard momentum transfer

We now turn to the 2 → 2 contribution to Γ. Proceeding first with Feynman diagrams, the
result can be written in a form analogous to the direct contribution in eq. (4.1):

2nF(k0) k0Γ|hard2 → 2 =

∫

dΩ2→2

{

nB(p1)nB(p2)
[

1− nF(k1)
] 1

2

∑

|Md|
2

+nB(p1)nF(p2)
[

1 + nB(k1)
] ∑

|Me|2

+nF(p1)nF(p2)
[

1− nF(k1)
] ∑

|Mf|
2

}

. (5.16)

9Resummation becomes important when the ultrarelativistic 1 ↔ 2 and the full 1 + n ↔ 2 + n LPM lines
depart from each other in figure 3, i.e. T >

∼ 60GeV.
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Indirect processes

• In the indirect case ρ is directly proportional to the spf of 
active neutrinos, i.e.

• Imaginay part of the active neutrino self- energy: active 
neutrino width 

• At high T dominated by soft 2↔︎2 scatterings. Γ~g2T and 
thus (for M~gT) ρ~v2

• At low T dominated by 1↔︎2 decays of gauge bosons
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lines correspond to Standard Model fermions, scalars, and gauge bosons, respectively, whereas right-

handed neutrinos are denoted by a double line. The closed blob denotes a Higgs expectation value.
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case (a) is shown in fig. 1 of ref. [29] and for case (b) in fig. 7 below.

At lower temperatures, Higgs and gauge bosons become non-relativistic and need to be de-

coupled from the computation (the top quark becomes non-relativistic already at a somewhat

higher temperature).
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the Higgs field could be replaced by its expectation value, φ̃ ≃ (v 0)T /
√
2. Then we are left to
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are illustrated in figs. 1(b) and 2(b). We refer to first type as a “direct” contribution and to

the second as an “indirect” one.
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can be written as
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where the “direct” processes are like in sets (a) of figs. 1 and 2. Like in the symmetric

phase [27, 28], the direct term has the parametric magnitude ImΠR|direct ∼ g2T 2 (recalling
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Indirect processes

• In the indirect case ρ is directly proportional to the spf of 
active neutrinos, i.e.

• Real part of the active neutrino self- energy 

• Imaginary part of the active self energy

• Medium-modified mixing angle squared
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Indirect 2↔︎2 processes

• Naively Γ~g4T, but soft (Q~gT) t-channel gauge boson 
scatterings have a large enhancement. Need to resum the 
“vacuum” masses and Hard Thermal Loops

• Euclideanization (Caron-Huot PRD82 (2008)) still 
applicable. In the W exchange case

transverse Euclidean propagator (vacuum mass only) - 
longitudinal propagator (vacuum and SU(2) screening mass)

• Z exchange more complicated (mixing of SU(2)L and U(1)Y) 
but conceptually the same
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handed neutrinos are denoted by a double line. The closed blob denotes a Higgs expectation value.
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case (a) is shown in fig. 1 of ref. [29] and for case (b) in fig. 7 below.
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coupled from the computation (the top quark becomes non-relativistic already at a somewhat

higher temperature).

In the regime of eq. (2.10), there are two types of contributions to ImΠR. First, the Higgs

field φ̃ in eq. (2.2) can represent a propagating mode (Goldstone or Higgs). This leads to the

same processes as have previously been considered in the symmetric phase [27,28]; examples

of 1 + n ↔ 2 + n processes are shown in fig. 1(a) and of 2 ↔ 2 processes in fig. 2(a). Second,

the Higgs field could be replaced by its expectation value, φ̃ ≃ (v 0)T /
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2. Then we are left to

consider processes experienced by an active (left-handed) neutrino. Examples of amplitudes

are illustrated in figs. 1(b) and 2(b). We refer to first type as a “direct” contribution and to

the second as an “indirect” one.
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• At low T these approximations are inaccurate, they don’t go 
into the Fermi limit

• We replace them with the Fermi limit results from Asaka 
Laine Shaposhnikov JHEP01 (2007) (in a more compact 
form, as the masses of all scatterers are negligible for T>5 
GeV)

Indirect 2↔︎2 processes
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Indirect 1↔︎2 processes

• At high T they are very similar to the direct 1↔︎2 processes, 
with the scalar replaced by a gauge boson and the coupling 
h→g. Hence k0Γ~g2m2~g4T2 and thus negligible w.r.t. the 
indirect 2↔︎2 processes

• At low T the LPM effect becomes negligible. The Born-level 
decays of gauge bosons into leptons k0Γ~g2m2 become the 
leading contribution, also w.r.t the indirect 2↔︎2 processes
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Indirect processes
• Soft 2↔︎2 scatterings, 

leading at high T

• 2↔︎2 scatterings in the 
Fermi limit, accurate but 
subleading at low T

• Born 1↔︎2 rate, leading at 
low T, inaccurate but 
negligible at high T

• Total: 1↔︎2 + the 
appropriate (smallest) 2↔︎2
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Figure 6. The active neutrino interaction rate, defined in eq. (5.8). Shown are the Born rate from
eq. (5.14) (“Born 1 ↔ 2”), the Fermi model result for 2 ↔ 2 scatterings from eq. (5.34) (“Fermi
2 ↔ 2”), and the soft 2 ↔ 2 scattering contribution from eq. (5.33) (“soft 2 ↔ 2”). The total result
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which limits both to their ranges of applicability, and adding to it the Born 1 ↔ 2 rate. On the right,
the total rate is shown for a number of momenta.

The corresponding diagrams are shown in figure 7. In the massless limit (this will be rectified
below), we obtain

∑

|Md|
2 ≡ −

(

6g42 +
g41 + 3g42

2
nS

)(
u2 + t2

s2

)

+
nS

2

(

g41 + 3g42
)

+

(
g21 + 3g22

2

)2(u

t
+

t

u

)

, (5.17)

∑

|Me|2 ≡
(

6g42 +
g41 + 3g42

2
nS

)(
u2 + s2

t2

)

−
nS

2

(

g41 + 3g42
)

−
(
g21 + 3g22

2

)2(u

s
+

s

u

)

, (5.18)

∑

|Mf|
2 ≡

(

3g42 +
5

3
g41

)

nG

(
u2 + s2

t2
+

u2 + t2

s2
+

t2 + s2

u2

)

+
3

4

(

g41 + 6g21g
2
2 − 3g42

)

. (5.19)

In order to simplify the last equation we have symmetrized the integrand in p1 ↔ p2 and
made use of the identity u2/(st) + t2/(su) + s2/(ut) = 3. If the phase space integrals were
finite (which they are not), eqs. (5.17)–(5.19) would suggest that k0Γ ∼ g4T 2.

In analogy with eq. (4.10), the phase space can be reduced into a 2-dimensional one:

k0Γ|hard2 → 2 =
1

(4π)3k0

∫ ∞

k0

dq+

∫ k0

0
dq−

{
[

nB(q0) + nF(q0 − k0)
]

Ξs1

+
[

nF(q0) + nB(q0 − k0)
]

Ξs2

}
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Figure 8. Various contributions to ImΠR/T
2. Shown are the direct 1 + n ↔ 2 + n scatterings from

section 3 (dashed lines); the direct 2 ↔ 2 scatterings from section 4 (dotted lines); as well as the
full indirect contribution from section 5 (solid lines). Left: fixed k = 3T and masses M/GeV ∈
{0.5, . . . , 16}. Right: fixed M = 2GeV and momenta k/T ∈ {1, 2, 3, 6, 9}.
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Figure 9. The full ImΠR/T
2, obtained by summing together the contributions from figure 8. Left:

fixed k = 3T . Right: fixed M = 2GeV. Corresponding results for T < 10GeV and T > 160GeV
have been tabulated in ref. [29].

7 Conclusions

For T < 160GeV so that the Higgs mechanism is operative, the equilibration rate of a
right-handed neutrino of mass M (cf. eq. (2.6)) can be split into “direct” and “indirect”
contributions (cf. eq. (2.11)). These correspond to different types of scatterings as illustrated
in figures 1 and 2. In the ultrarelativistic regime, where all particle masses are ≪ πT , the
indirect contribution can in turn be expressed in terms of the left-handed neutrino “asymp-
totic thermal mass”, mℓ, and “interaction rate”, Γ, as indicated by eq. (2.12). At lower
temperatures the general structure remains intact even though mℓ gets replaced by a more
complicated (momentum-dependent) function, as has been reviewed in section 5.2.
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• Indirect processes rapidly dominate and peak at low T 
(in our 1-loop parameter fixing TEW≈150 GeV)
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For T < 160GeV so that the Higgs mechanism is operative, the equilibration rate of a
right-handed neutrino of mass M (cf. eq. (2.6)) can be split into “direct” and “indirect”
contributions (cf. eq. (2.11)). These correspond to different types of scatterings as illustrated
in figures 1 and 2. In the ultrarelativistic regime, where all particle masses are ≪ πT , the
indirect contribution can in turn be expressed in terms of the left-handed neutrino “asymp-
totic thermal mass”, mℓ, and “interaction rate”, Γ, as indicated by eq. (2.12). At lower
temperatures the general structure remains intact even though mℓ gets replaced by a more
complicated (momentum-dependent) function, as has been reviewed in section 5.2.
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• Compare the equilibration and washout rates to the Hubble 
rate

• Fix the RHNs Yukawa couplings in a seesaw scenario with 
hierarchical neutrinos, with only one Yukawa coupling 
contributing to a given mass difference proofs JCAP_003P_0616

In this regime the active neutrino interaction rate Γ is dominated by 1 → 2 decays (cf. figure 6)
and ImΠR is dominated by the indirect contribution (cf. figure 8). It is again possible to
express the dominant contribution to Γ in a simple analytic form, cf. eqs. (5.14) and (5.15).

In order to illustrate the physics significance of these results, let us first compare
the right-handed neutrino equilibration rate γIk from eq. (2.6) with the Hubble rate

H =
√

8πe/(3m2
Pl), where e is the energy density of the universe and mPl is the Planck

mass. For simplicity we consider a seesaw scenario with hierarchical neutrinos, and assume
that only one neutrino Yukawa coupling contributes to a given mass difference. Then active
neutrino mass differences are of the form |∆m| = |hIa|2v2/(2M), whereby we can eliminate
|hIa|2 from γIk to get

γIk
H

= 1.39× 105 ×
∣
∣
∣
∣

∆m

eV

∣
∣
∣
∣
×

M

k0
×

ImΠR
√

e(T )
. (7.1)

Inserting e as tabulated in ref. [41] (cf. also ref. [42]), the result is illustrated in figure 11(left).
We conclude that in the mass range M ∼ 0.5 . . . 16GeV right-handed neutrinos do equilibrate
at temperatures above T = 5GeV. Increasing the mass above 4GeV decreases the peak
equilibration rate but broadens the temperature range in which the rate is substantial.

Turning to our main observable, the lepton number washout rate from eq. (2.8), the
flavour-diagonal part of the result is shown in figure 11(right). The flavour non-diagonal
rate is an order of magnitude slower because of the smaller inverse susceptibility, cf. fig-
ure 12(right). The flavour-diagonal rate exceeds the Hubble rate for all masses considered.
However we note that this equilibration dynamics rapidly switches off in the range T <∼ 4GeV
in which dark matter computations have been carried out [19–21].

The results of figure 11(right) indicate that leptogenesis based on right-handed neutrinos
with few GeV masses remains an interesting possibility, because these degrees of freedom do
not equilibrate at T >∼ 130GeV when sphaleron processes are active [43]. In contrast it is
difficult to generate a large lepton asymmetry for low temperatures, which could boost dark
matter production in the scenario of ref. [3], because at T <∼ 30GeV lepton number violating
reactions are in equilibrium and therefore an efficient washout process takes place. It should
be acknowledged, however, that we have not performed a detailed phenomenological scan
of the whole parameter space, so the existence of fine-tuned regions where the window may
remain open cannot be excluded. The numerical results tabulated as explained in footnote 11
should hopefully permit for further work to be carried out in this direction.
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A Lepton number susceptibility matrix

Here we compute the susceptibility matrix defined below eq. (2.9) to leading order in Standard
Model couplings. Two regimes are considered: 5GeV<∼T <∼ 130GeV so that B+L violation
is out of thermal equilibrium [43]; and T >∼ 130GeV so that B+L violation is in equilibrium.
The methods of the computation have been discussed in refs. [18, 20], whereas the general
approach dates back to ref. [44].
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• Leptogenesis possible because no equilibrium at T≳130 GeV
• Resonant generation of keV scale RHNs hindered by washout 

at T≲30 GeV. Fine-tuned windows still possible. Helicity could 
also play a role Eijima Shaposhnikov PLB771 (2017)

Cosmological implications
proofs JCAP_003P_0616

0 5 10 15
k / T

10
-2

10
-1

10
0

10
1

10
2

Im
 Π

R
 /

 T
2

T = 5 GeV

T = 10 GeV

T = 15 GeV

T = 20 GeV

T = 25 GeV

T = 30 GeV

M = 0.5 GeV

0 5 10 15
k / T

10
-2

10
-1

10
0

10
1

10
2

Im
 Π

R
 /

 T
2

T = 5 GeV

T = 10 GeV

T = 15 GeV

T = 20 GeV

T = 25 GeV

T = 30 GeV

M = 2 GeV

Figure 10. The dependence of ImΠR/T
2 on k for M = 0.5GeV (left) and M = 2GeV (right). The

spectra at these and other temperatures can be downloaded as explained in footnote 11.
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Figure 11. Left: the right-handed neutrino equilibration rate compared with the Hubble rate,
cf. eq. (7.1), for k = 3T . Active neutrino masses correspond to |∆m|sol ≈ 8.7 × 10−3 eV; for the
atmospheric neutrino value |∆m|atm ≈ 4.9× 10−2 eV the rate is faster by a factor ∼ 5.6. Right: the
(diagonal) lepton number washout rate compared with the Hubble rate, cf. eq. (2.8).

We have shown that in the regime T >∼ 40GeV, the active neutrino interaction rate Γ
is dominated by t-channel scatterings mediated by soft gauge boson exchange (referred to
as the “soft 2 ↔ 2” contribution in figure 6). In this situation Γ is “large”, Γ ∼ g2T/π.
The explicit expression is fairly simple, cf. eq. (5.33). This large contribution originates from
contributions sensitive to momenta ∼ gT which would be quadratically infrared divergent
without the appropriate HTL resummation. There is also a subleading (linear) infrared
divergence in eq. (5.21) whose origin can also be understood (cf. appendix D).

For the masses M ∼ 0.5 . . . 2.0GeV, relevant for the SHiP experiment [14], the right-
handed neutrino equilibration rate peaks at low temperatures, T ∼ 5 . . . 30GeV (cf. figure 9).
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atmospheric neutrino value |∆m|atm ≈ 4.9× 10−2 eV the rate is faster by a factor ∼ 5.6. Right: the
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We have shown that in the regime T >∼ 40GeV, the active neutrino interaction rate Γ
is dominated by t-channel scatterings mediated by soft gauge boson exchange (referred to
as the “soft 2 ↔ 2” contribution in figure 6). In this situation Γ is “large”, Γ ∼ g2T/π.
The explicit expression is fairly simple, cf. eq. (5.33). This large contribution originates from
contributions sensitive to momenta ∼ gT which would be quadratically infrared divergent
without the appropriate HTL resummation. There is also a subleading (linear) infrared
divergence in eq. (5.21) whose origin can also be understood (cf. appendix D).

For the masses M ∼ 0.5 . . . 2.0GeV, relevant for the SHiP experiment [14], the right-
handed neutrino equilibration rate peaks at low temperatures, T ∼ 5 . . . 30GeV (cf. figure 9).
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Resonant sterile neutrino production
• If somehow a significant lepton asymmetry survive, how 

large does it need to be to account for DM abundance? And 
how large should the mixing angles be?

• To answer these questions, derive and solve the coupled 
equations Laine Shaposhnikov (2008), JG Laine (2015)

Mixing rates for interactions with leptons and antileptons in 
the presence of asymmetry

ḟk =
1

2

X
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n⇥
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Resonant sterile neutrino production
• Mixing rates for interactions with leptons and antileptons in 

the presence of asymmetry

• Active neutrino width from Fermi-type processes. For small 
asymmetry (-independent

• For small asymmetry matter potential b is (-independent

• For small asymmetry matter potential c is  linear in ( and 
causes resonance 

R�
a (k) ⇡

|MD|21a M2
1 �

[M2
1 + 2E1(b+ c) + (b+ c)2]2 + E2

1�
2
, R+

a (k) = R�
a (k)

��
c!�c

.

Let us now discuss the explicit forms of the functions appearing in eq. (3.7). In the regime of

eq. (3.5) the imaginary part Γ originates at 2-loop level, and has been computed with account

of all SM reactions in ref. [27] (there it was represented by the combination IQ ≈ E1Γ). It is

of the form

Γ = G2
FT

4E1 ÎQ , (3.9)

where GF ≡ g2w/(4
√
2m2

W ) is the Fermi constant, and the dimensionless function ÎQ ∼ 1

has been tabulated for various momenta, temperatures, and lepton flavours on the web page

related to ref. [27].

The function b originates at 1-loop level and was determined in ref. [26] for E1 ≪ mW . It

can be expressed as

b =
16G2

FE1

παw

[

cos2θw φ(0) + 2φ(ma)
]

, (3.10)

φ(m) ≡
∫

d3p

(2π)3
nF(E)

2E

(4

3
p2 +m2

)

, φ(0) =
7π2T 4

360
, (3.11)

where αw = g2w/(4π) and θw is the weak mixing angle. In analogy with eq. (3.9) we can write

b = G2
FT

4E1 b̂ . (3.12)

Because of the 1/αw factor, the dimensionless function b̂ is much larger than ÎQ, b̂ ∼ 80. It

is plotted in fig. 1 of ref. [27] for different flavours and temperatures.

The last ingredient is the function c, which incorporates effects from charge asymmetries.

This function was also determined in ref. [26]. Assuming chiral equilibrium and including all

light SM particles, we obtain

c =
√
2GF

[

2nνa +
∑

b ̸=a

nνb +
(1

2
+ 2 sin2θw

)

nea −
(1

2
− 2 sin2θw

)

∑

b ̸=a

neb

+
(1

2
−

4

3
sin2θw

)

∑

i=u,c

ni −
(1

2
−

2

3
sin2θw

)

∑

i=d,s,b

ni

]

, (3.13)

where the second line encodes the contribution of quarks, coming from tadpole diagrams

mediated by the Z boson. Because the latter couples differently to up- and down-type quarks,

the hadronic contribution contains a part that is not proportional to nB = 1
3

∑

i=u,d,s,c,b ni

and thus survives even if, as we assume, the baryon density vanishes. The quark densities

read

nu =
2Nc(µB + 2µQ)χu

3
, nd =

2Nc(µB − µQ)χd

3
, (3.14)

and correspondingly for other up- and down-type quarks, respectively. Eq. (2.31) can be used
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Resonant sterile neutrino production
• Solve numerically the coupled equations (with Hubble expansion 

and QCD transition) from T=5 GeV down to T*=1 MeV. Very 
narrow resonance, numerically tricky.
JG Laine JHEP1511 (2015)
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Figure 1: Resonance locations in the different flavour channels for case (a) (left) and case (e) (right)

[only a = e has a physical effect in these cases because only h1e ̸= 0]. In each case we have set

sin2(2θ) = 7× 10−11 and tuned the initial asymmetry to the value producing the correct dark matter

abundance, cf. table 1. We have considered comoving momenta kT∗

≤ 12.5T∗ at T∗ = 1 MeV; the

continuous line indicates the upper edge of this range.

where ρcr is the critical energy density and s(T0) = 2 891/cm3 is the current entropy density.

Making use of the known value of ρcr yields ρcr/[h
2s(T0)] = 3.65 eV. Recalling that Ωdmh

2 =

0.12 according to Planck data [29], and dividing eq. (3.26) by eq. (3.27), we get

Ω1

Ωdm

=
2M1

0.12× 3.65 eV

∫

d3k0

(2π)3
fk0
s(T0)

= 6950×
M1

7.1 keV
×
∫

d3k∗

(2π)3
fk∗
T 3
∗

, (3.28)

where we made use of the facts that
∫

d3kT fkT /s(T ) is temperature-independent at T ≤ T∗

and that s(T∗) ≈ 4.67T 3
∗ . So, given the known fk∗ , eq. (3.28) allows us to determine Ω1/Ωdm.

4. Numerical results

We have integrated eqs. (3.19)–(3.21) numerically for a number of parameter values, starting

at T = Tmax ≡ 4 GeV where we assume fkT = 0, and stopping at T = T∗ ≡ 1 MeV where all

source terms have switched off. Subsequently we determine the observables defined in sec. 3.5

(fk∗ , Ω1/ΩDM) for M1 = 7.1 keV. To illustrate our results, let us focus on the following cases:

(a) nνe = nνµ = nντ at T = Tmax; only h1e ̸= 0; equilibrated active flavours.

(b) nνe = nνµ = nντ at T = Tmax; only h1e ̸= 0; non-equilibrated active flavours.
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for expressing µB in terms of µQ, yielding (for nB → 0)

c =
√
2GF

[

2nνa +
∑

b ̸=a

nνb +
(1

2
+ 2 sin2θw

)

nea −
(1

2
− 2 sin2θw

)

∑

b ̸=a

neb

+2(1− 2 sin2θw)
Ncχucχdsb

χudscb

µQ

]

. (3.15)

We again consider two cases, corresponding to those in sec. 2.4. For unequilibrated lepton

asymmetries, the neutrino asymmetries are different, as given by eq. (2.35). Then µQ can

be read off from eq. (2.33). The charged lepton densities originate from the second term in

eq. (2.34). In contrast, for equilibrated lepton asymmetries, all neutrino densities are equal,

nνa
= χ(0)µL, whereas µQ can be read off from eq. (2.36).

3.3. Expanding background

In an expanding background, the left-hand sides of eqs. (3.2), (3.3) become

ḟk → (∂t −Hk∂k)fk , ṅa → (∂t + 3H)na , (3.16)

where H is the Hubble rate, H =
√

8πe/(3m2
Pl), and e denotes the energy density. The

inhomogeneous term can be eliminated from the equation of motion for fk by integrating

along a trajectory of redshifting momentum,

kT ≡ k∗

[

s(T )

s(T∗)

]1/3

, (3.17)

where s is the total entropy density, and from that for na by normalizing by s,

Ya(T ) ≡
na(T )

s(T )
. (3.18)

It is also convenient to integrate in terms of the temperature T rather than the time t.

Denoting the final moment of integration by T∗ ≡ 1 MeV, we get

dfkT
d ln(T∗/T )

=
∑

a

[

nF(E1 + µa)− fkT

]

R−
a (kT ) +

[

nF(E1 − µa)− fkT

]

R+
a (kT )

6H(T )c2s(T )
, (3.19)

dYa(T )

d ln(T∗/T )
=

∫

kT

[

nF(E1 + µa)− fkT

]

R−
a (kT )−

[

nF(E1 − µa)− fkT

]

R+
a (kT )

3s(T )H(T )c2s(T )
, (3.20)

where c2s is the speed of sound squared. Numerical values for the thermodynamic functions

appearing in these equations (e, s, c2s) have been tabulated in ref. [28]. Note that the right-
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∑

a Ya)
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d ln(T∗/T )
=

∑

a

∫
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[
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]

R−
a (kT )−

[

nF(E1 − µL)− fkT

]

R+
a (kT )

3s(T )H(T )c2s(T )
. (3.21)
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range. The second one, 
approximately at the QCD 
transition, is the strongest
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Figure 2: The evolution of the lepton asymmetries Ya for case (a) (left) and case (e) (right). The

parameters are like in fig. 1. In case (a) Ye, Yµ grow initially, even though the source terms R±
a are

not active yet, because charged τ -leptons cannot carry their share of the asymmetry when T ≪ mτ

(YL ≡
∑

a Ya is constant). In case (e) such a re-distribution is not possible and Yµ and Yτ are exactly

conserved. The values of the initial neutrino asymmetries nνa
are given in table 1; the values of the

corresponding lepton asymmetries na = nνa
+nea

follow from eqs. (2.33)–(2.35). Lepton asymmetries

would be expected to equilibrate below T = 10 MeV [15, 16], in the region shown by a grey band,

however the rates R±
a have switched off by then so this has no effect on sterile neutrino distributions.

(c) nνe = nνµ = nντ at T = Tmax; only h1τ ≠ 0; equilibrated active flavours.

(d) nνe = nνµ = nντ at T = Tmax; only h1τ ≠ 0; non-equilibrated active flavours.

(e) only nνe ≠ 0 at T = Tmax; only h1e ≠ 0; non-equilibrated active flavours.

(f) only nνe ≠ 0 at T = Tmax; only h1µ ≠ 0; non-equilibrated active flavours.

(g) only nνe ≠ 0 at T = Tmax; only h1τ ≠ 0; non-equilibrated active flavours.

(h) only nντ ≠ 0 at T = Tmax; only h1e ≠ 0; non-equilibrated active flavours.

(i) only nντ ≠ 0 at T = Tmax; only h1µ ≠ 0; non-equilibrated active flavours.

(j) only nντ ≠ 0 at T = Tmax; only h1τ ≠ 0; non-equilibrated active flavours.

Let us reiterate that in the case of equilibrated active flavours, one would have to assume

active neutrino oscillations to proceed much faster than the processes considered in the present
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• Solve numerically the coupled equations (with Hubble expansion 

and QCD transition) from T=5 GeV down to T*=1 MeV. Very 
narrow resonance, numerically tricky.
JG Laine JHEP1511 (2015)
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Figure 3: Examples for the evolution of the right-handed neutrino distribution fkT
for case (a) (left)

and case (e) (right), assuming that fkT
(T = 4 GeV) = 0. The final temperature is T∗ = 1 MeV, and

k∗ ≡ kT∗

denotes momenta at this temperature. The parameters are like in figs. 1, 2. For smallish

k∗/T∗ most of the production takes place at the lower resonance temperature (cf. fig. 1).

paper, which is unlikely to happen at T > 10 MeV [15, 16]. Nevertheless we display the results

in order to allow for a comparison with ref. [7], to be performed in sec. 5.

The initial state is parametrized by the neutrino asymmetry normalized to the entropy

density, nνa/s. The mixing angles are parametrized through

sin2(2θ) ≡
∑

a=e,µ,τ

4θ21a , θ21a ≡
|MD|21a
M2

1

, (4.1)

which is the combination that appears in the (inclusive) decay rate of sterile neutrinos to

an active neutrino and a photon. We consider the value sin2(2θ) ≈ 7 × 10−11 mentioned in

ref. [10] and the limits of sin2(2θ) ∼ (2 − 20) × 10−11 from ref. [11]. Confining effects are

modelled through the phenomenological replacement Nc → Nc,eff as suggested in ref. [27].

(In ref. [27] it was checked that this recipe is consistent with Chiral Perturbation Theory at

low T ; unfortunately Chiral Perturbation Theory is not applicable at T >∼ 100 MeV.)

In fig. 1, the two resonance locations (in each channel) are shown for the cases (a) and (e).

In fig. 2, the evolution of the densities Ya is shown, and in fig. 3 the same is done for the

distribution function fkT . The ratio Ω1/ΩDM from eq. (3.28) is illustrated in fig. 4, whereas

the differential shape of fkT at T = T∗ = 1 MeV can be inferred from figs. 5 and 6. The

initial neutrino densities yielding the correct dark matter abundances in all cases (a)-(j) are

summarized in table 1. It is remarkable that despite quite different asymmetries (cf. table 1),
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Figure 4: The total energy density carried by sterile neutrinos today, normalized to the dark matter

density, as a function of the initial lepton asymmetry, for case (a) (left) and case (e) (right). The

couplings span the range indicated by refs. [10, 11].

cases (a), (b), (e), (f), (h) and (i) produce very similar spectra (cf. figs. 5, 6).

5. Conclusions

In view of the exciting (if unconsolidated) prospect of accounting for dark matter through

7.1 keV sterile neutrinos [10, 11], the purpose of this paper has been to promote a previously

proposed quantum field theoretic framework [7] from a qualitative towards a more quanti-

tative level. In order to reach this goal, two types of “back reactions” (i.e. non-linearities)

entering the basic equations have been derived from stated assumptions (cf. secs. 2.2, 2.3).

The relation of the lepton densities and lepton chemical potentials entering these equations

has been systematically worked out to leading order in small chemical potentials (cf. sec. 2.4).

The equations have been written in a form which separately tracks three different flavours

of non-equilibrated lepton densities (cf. eqs. (3.19), (3.20)). Finally, the equations have been

numerically solved “as is”, without imposing further model assumptions at this stage.

In a previous study [7], which relied otherwise on similar approximations as the present

one, it was assumed that all active flavours are in chemical equilibrium, and that both the

charged and the neutral leptons carry the same asymmetry, so that the total initial lepton

asymmetry is effectively nL = 9nνe . This leads to a large coefficient c and correspondingly to

a maximally efficient resonant contribution. In reality, as we have discussed, charged leptons
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Figure 5: The sterile neutrino distribution function at T ≤ T∗ = 1 MeV, normalized to the Fermi

distribution nF(k) = 1/[exp(k/T ) + 1], for the initial lepton asymmetry producing precisely the

observed dark matter energy density, for case (a) (left) and case (e) (right). Given that f ≪ nF,

sterile neutrinos are far below equilibrium despite their efficient resonant production.

cannot carry such large asymmetries because of electric charge neutrality. Concretely, this

implies that we need a larger active-sterile mixing angle or initial asymmetry for a comparable

effect. For instance, for case (a), where we find the initial asymmetry nνe/s = 12.25 × 10−6

for sin2(2θ) = 7× 10−11, the analysis of ref. [7] would have produced the correct dark matter

abundance already with nνe/s = 9.05×10−6 for sin2(2θ) = 7×10−11, or already for sin2(2θ) =

1.5 × 10−11 with nνe/s = 12.25 × 10−6. In other words, the difference between ref. [7] and

the present work is of order unity. On the logarithmic scale of figs. 5, 6 the distributions of

ref. [7] do however bear some similarity with ours, if considered at the same value of sin2(2θ).

Our numerical results have been presented in sec. 4. The final spectra for all the cases

considered can also be downloaded from http://www.laine.itp.unibe.ch/dmpheno/. It

remains a theoretical challenge to confirm whether some of the pre-existing neutrino asym-

metries in table 1 can indeed be produced by mechanisms such as the one described in ref. [8].

Despite the improvements of the present paper, it should be acknowledged that the solu-

tion still contains theoretical uncertainties. The reason is that most of the sterile neutrino

production takes place at temperatures of a few hundred MeV (cf. fig. 3), where hadronic

effects play a significant role. In our work, hadronic effects have been handled through a phe-

nomenological recipe introduced in ref. [27], which does correctly incorporate the fact that

QCD displays a rapid but smooth crossover rather than an actual phase transition. Then

hadronic uncertainties remain on a level of some tens of percent as discussed previously [7].
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• All results and code available at 
http://www.laine.itp.unibe.ch/dmpheno/
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proposed quantum field theoretic framework [7] from a qualitative towards a more quanti-

tative level. In order to reach this goal, two types of “back reactions” (i.e. non-linearities)

entering the basic equations have been derived from stated assumptions (cf. secs. 2.2, 2.3).

The relation of the lepton densities and lepton chemical potentials entering these equations

has been systematically worked out to leading order in small chemical potentials (cf. sec. 2.4).

The equations have been written in a form which separately tracks three different flavours

of non-equilibrated lepton densities (cf. eqs. (3.19), (3.20)). Finally, the equations have been

numerically solved “as is”, without imposing further model assumptions at this stage.

In a previous study [7], which relied otherwise on similar approximations as the present

one, it was assumed that all active flavours are in chemical equilibrium, and that both the

charged and the neutral leptons carry the same asymmetry, so that the total initial lepton

asymmetry is effectively nL = 9nνe . This leads to a large coefficient c and correspondingly to
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cannot carry such large asymmetries because of electric charge neutrality. Concretely, this

implies that we need a larger active-sterile mixing angle or initial asymmetry for a comparable

effect. For instance, for case (a), where we find the initial asymmetry nνe/s = 12.25 × 10−6

for sin2(2θ) = 7× 10−11, the analysis of ref. [7] would have produced the correct dark matter

abundance already with nνe/s = 9.05×10−6 for sin2(2θ) = 7×10−11, or already for sin2(2θ) =

1.5 × 10−11 with nνe/s = 12.25 × 10−6. In other words, the difference between ref. [7] and

the present work is of order unity. On the logarithmic scale of figs. 5, 6 the distributions of

ref. [7] do however bear some similarity with ours, if considered at the same value of sin2(2θ).

Our numerical results have been presented in sec. 4. The final spectra for all the cases

considered can also be downloaded from http://www.laine.itp.unibe.ch/dmpheno/. It

remains a theoretical challenge to confirm whether some of the pre-existing neutrino asym-

metries in table 1 can indeed be produced by mechanisms such as the one described in ref. [8].

Despite the improvements of the present paper, it should be acknowledged that the solu-

tion still contains theoretical uncertainties. The reason is that most of the sterile neutrino

production takes place at temperatures of a few hundred MeV (cf. fig. 3), where hadronic

effects play a significant role. In our work, hadronic effects have been handled through a phe-

nomenological recipe introduced in ref. [27], which does correctly incorporate the fact that

QCD displays a rapid but smooth crossover rather than an actual phase transition. Then

hadronic uncertainties remain on a level of some tens of percent as discussed previously [7].
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In view of the exciting (if unconsolidated) prospect of accounting for dark matter through
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proposed quantum field theoretic framework [7] from a qualitative towards a more quanti-

tative level. In order to reach this goal, two types of “back reactions” (i.e. non-linearities)

entering the basic equations have been derived from stated assumptions (cf. secs. 2.2, 2.3).

The relation of the lepton densities and lepton chemical potentials entering these equations

has been systematically worked out to leading order in small chemical potentials (cf. sec. 2.4).

The equations have been written in a form which separately tracks three different flavours

of non-equilibrated lepton densities (cf. eqs. (3.19), (3.20)). Finally, the equations have been

numerically solved “as is”, without imposing further model assumptions at this stage.

In a previous study [7], which relied otherwise on similar approximations as the present

one, it was assumed that all active flavours are in chemical equilibrium, and that both the

charged and the neutral leptons carry the same asymmetry, so that the total initial lepton

asymmetry is effectively nL = 9nνe . This leads to a large coefficient c and correspondingly to
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cannot carry such large asymmetries because of electric charge neutrality. Concretely, this

implies that we need a larger active-sterile mixing angle or initial asymmetry for a comparable

effect. For instance, for case (a), where we find the initial asymmetry nνe/s = 12.25 × 10−6

for sin2(2θ) = 7× 10−11, the analysis of ref. [7] would have produced the correct dark matter

abundance already with nνe/s = 9.05×10−6 for sin2(2θ) = 7×10−11, or already for sin2(2θ) =

1.5 × 10−11 with nνe/s = 12.25 × 10−6. In other words, the difference between ref. [7] and

the present work is of order unity. On the logarithmic scale of figs. 5, 6 the distributions of

ref. [7] do however bear some similarity with ours, if considered at the same value of sin2(2θ).

Our numerical results have been presented in sec. 4. The final spectra for all the cases

considered can also be downloaded from http://www.laine.itp.unibe.ch/dmpheno/. It

remains a theoretical challenge to confirm whether some of the pre-existing neutrino asym-

metries in table 1 can indeed be produced by mechanisms such as the one described in ref. [8].

Despite the improvements of the present paper, it should be acknowledged that the solu-

tion still contains theoretical uncertainties. The reason is that most of the sterile neutrino

production takes place at temperatures of a few hundred MeV (cf. fig. 3), where hadronic

effects play a significant role. In our work, hadronic effects have been handled through a phe-

nomenological recipe introduced in ref. [27], which does correctly incorporate the fact that

QCD displays a rapid but smooth crossover rather than an actual phase transition. Then

hadronic uncertainties remain on a level of some tens of percent as discussed previously [7].
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• Right-handed neutrinos are an economical extension of the 
SM potentially capable of accounting for three shortcomings

• We have determined the equilibration and washout rates 
for GeV-scale RHNs at leading order for 5 GeV<T<160 GeV

• In the broken phase these rates peak at T~10-30 GeV, due to 
the efficient, resonance-like indirect processes, with 
consequences for leptogenesis and keV scale dark matter

• Illustration of the resonant production mechanism for keV 
scale dark matter

Summary


